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Chapter 1

Introduction

1.1 Why QFT?

Q. What is QFT?

A. It is a universal framework to describe quantum many-body physics:

A practical method to describe many-body physics is the occupation number representa-
tion, which is namely the second quantization formalism. In the canonical quantization
formalism, the field operator is constructed as superposition of (infinitely) many creation

and annihilation operators.

Q. What does the universality mean?

A. The idea of the universality is as follows:

We are interested in various kinds of many-body interacting systems of elementary parti-
cles (quarks, electrons), nucleons, quasi-particles, macroscopic particles, etc. They actually
have different microscopic description (Hamiltonian, Lagrangian), depending on a lot of
parameters, e.g., mass parameters, coupling constants. However, in the low-energy regime,
we may apply a unified description with very few parameters: Most of the microscopic

parameters become irrelevant in that situation.:

Q. What is the unified description then?

A. Tt is sometimes called the (low-energy) effective theory [Wei79]:

In general, one can consider various forms of the interaction terms in the Hamiltonian or the
Lagrangian. It is also possible to include derivatives, which are converted to multiplication
of the momentum p. In the low-energy regime, we may put p < 1, so that we do not need
to consider the higher derivative terms. Similarly, imposing a symmetry to the system,
it also provides restrictions on the possible interactions. In this way, we may consider
the effective field theory in the low-energy regime, which consists only of the appropriate

degrees of freedom.



1.2 References

There are a lot of nice textbooks of QFT. Here is an incomplete list:

[Sre07] M. Srednicki, Quantum Field Theory, Cambridge Univ. Press, 2007.

[Nai05] V. P. Nair, Quantum field theory: A modern perspective,
Graduate Texts in Contemporary Physics, Springer-Verlag, 2005.

[Zee03] A. Zee, Quantum field theory in a nutshell, Princeton Univers. Press, 2003.
[Ryd96] L. H. Ryder, Quantum Field Theory, Cambridge University Press, 1996.
[Wei95] S. Weinberg, The Quantum Theory of Fields, Cambridge University Press, 1995.

[PS95] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory,
Addison-Wesley, Reading, USA, 1995.

[I1Z80] C. Itzykson and J. B. Zuber, Quantum Field Theory,
International Series In Pure and Applied Physics, McGraw-Hill, New York, 1980.

1.3 Scalar field on a lattice

Let us demonstrate the idea of effective theory with an example, called the scalar field model
on a lattice." We define the scalar field defined on a D-dimensional lattice AP >

o(z) € R, z=(z1,...,zp) € AP CRP. (1.3.1)

Namely, the scalar field is interpreted as a map, ¢ : AP — R. See Sec. 2.1.1 for the definition of
the field in general.

Let a € Rxq be the lattice spacing, then we may write # = a -n € AP where n =
(n1,...,np) € ZP . We impose the periodic boundary condition
ry >, +L=x,+aN, LeRsyy, NE€EZyy, (1.3.2)

and thus the D-dimensional volume of the system is given by

volAP = LP = «P NP (1.3.3)

We consider the following Hamiltonian of the system:

D [e’e)

H= " [mio)’+tY oz +ap)o(x)+ Y dowd(x)*] (1.3.4)
zeAD p=1 k=2

=: Hy + Hint (135)

where we call the quadratic terms of the scalar field ¢(x) the free part Hy, consisting of the
(bare) mass term m3 ¢(z)? and the hopping term ¢(z + afi)é(x), with the hopping parameter

'One may refer to the textbooks about QFT on a lattice for details [Cre85, Rot12, Crel8].
*We can similarly discuss the complex scalar field ¢(z) € C, and also the multi-component field ¢(z) € R",

c™.


https://doi.org/10.1017/CBO9780511813917
https://doi.org/10.1007/b106781
https://doi.org/10.1017/CBO9780511813900
https://doi.org/10.1017/cbo9781139644167
https://doi.org/10.1201/9780429503559

t € R. We denote the unit vector in u-direction by fi, so that the hopping term describes the
nearest-neighbor propagation of the scalar field. The remaining terms are called the interaction
part Hiy. Although we formally consider infinitely many coupling constants (Agg)g>1," we

typically consider finite number of the couplings in many cases.

1.3.1 Continuum limit ¢ — 0

Given such a lattice system, we are interested in the continuum limit, ¢ — 0, where we expect

the universal behavior.

aI —_— (1.3.6)

&

First of all, in this limit, the summation over the lattice is replaced with the integral:

> a? — /de. (1.3.7)

xeAD

The factor a? corresponds to the volume element of the present case, Z aP? = volAP. In

zEADP
order to extract this volume factor, we should rescale the field and the parameters. For example,
the mass term is rewritten as®
2
2 2_ p(mo\?( ¢)

so that we rescale the variables,

mo o(x)

7 — mo, aD/?*l — (;S(CC), (139)
Namely, they have the following mass dimensions:

D
[mo] =1, (o] = 5~ 1. (1.3.10)

From this point of view, if the parameter has a negative dimension, it does not contribute to
the Hamiltonian (Lagrangian) in the continuum limit ¢ — 0, which is called irrelevant. On
the other hand, it is called relevant/marginal if it has positive/zero dimension. We remark
[¢] > 0 for D > 2.

2k+1  which are not invariant under the

3For the moment, we do not consider the odd-power terms Aok+10(x)
transformation ¢(z) — —¢(x). This is interpreted as the action of O(1) = {£1} = Z,. For the case of the complex
scalar field, we similarly consider the Hamiltonian (Lagrangian), which is invariant under the U(1) transform (the
phase rotation).

4This behavior is detemined to be consistent with the later argument.



1.3.2 Quadratic part

We apply the Taylor expansion to the kinetic term:

o(x +afi) = Z (1.3.11)

n
where we denote the partial derivative by OZ = ——. The quadratic part of the Hamiltonian is

Oxn
“w
expanded by the lattice spacing a with the rescaled variables (1.3.9) as follows:

Hy= )Y d” (m§+D +tz< 1 9,6(x)p(x )—I—;Bﬁgb(x)qﬁ(ﬂc)) + O(a)

zeAD
(1.3.12)

We remark that the O(a™!) term does not contribute to the Hamiltonian since it is written
as the total derivative, 9,¢(z)d(z) = $0,(¢(x)?), and thus /dajD Ou(é(z)?) = 0 (Recall that

we are now considering the periodic boundary condition; no boundary). Then, taking the
continuum limit ¢ — 0, we can omit the irrelevant terms in O(a), and obtain the following

effective Hamiltonian:
1 1
lir% Hy = /de [m2¢)(x)2 + 283¢(:C)¢(x)] = /dDm [m2¢(aj)2 - §8M¢(x)8u¢(x) (1.3.13)
a—
where we put t = 1 for simplicity, and the new mass parameter is defined as’

2 2 D

We again apply the integration by parts to obtain the second expression, 8ﬁ¢($)¢(az) = 0u(0po(z)p(2))—
0u ()0, 0(x).

1.3.3 Interaction part

Let us apply the same argument for the interaction part Hiy. We rewrite

A p(x)*
_ D 2k
Aord(z)™ = a ~3RDTE=T) 2W(D /5T (1.3.15)
then the coupling constant is rescaled as
Ak D
DRy 0 M [M]=D- k< - 1> (1.3.16)

Now the dimension of the coupling constant can be both positive and negative, depending on

the dimension D. Let us examine it in details.

D=2
In this case, the scalar field is dimensionless, [¢] = 0, and the coupling dimension does
not depend on k, [A;] = 2 (= D). Therefore, all the couplings are relevant, and we can

consider various non-linear models in D = 2. See Sec. 2.4.4.

Naively thinking, this new mass parameter involves a divergence due to the factor D/a? in the limit a — 0.
The idea of the renormalization is that such a divergence is cancelled with the bare mass myo, so that the new

parameter m could be finite. See Chapter 4 for details.



D=3
The scalar field has the dimension [¢] = 1/2, so that [Ay] = 3 — k/2, which becomes

non-negative only for k < 6. For k > 6, the coupling becomes irrelevant.

D=4

In this case, the coupling at k = 4 is marginal, and the others are irrelevant.

D>5
All the couplings k > 4 are irrelevant, so that we cannot consider the interacting field

theory in the continuum limit.%

This argument says that, even if you start with the microscopic model with a lot of parame-
ters, most of them become irrelevant which do not contribute in the continuum limit @ — 0. So,
we can focus on the effective theory with a few relevant and marginal parameters. This is basi-
cally the idea of renormalization group, which will be discussed in Sec. 4.3. In this context,

the relevant/irrelevant operators are called the renormalizable/non-renormalizable operators.

Exercise 1.1. Consider the higher (next-nearest neighbor) hopping term, and the interaction

term with a hopping,

D

Yo dl@+ali+0)glz), Y oz +ap)(x)’, (1.3.17)

1<pu<v<D pn=1
then derive the effective Hamiltonian in the continuum limit a — 0.

Exercise 1.2. Consider the complex scalar system on the lattice, ¢p(x) € C, with the Hamilto-

nian,

D

H=3 [mdlo@)P + 53 (60 +ai) () + o) ofa + o)) + D Aarlo(a) *] |

xEAD p=1 k=2
(1.3.18)

then derive the effective Hamiltonian in the continuum limit a — 0.

SFor D = 5,6, the coupling becomes relevant and marginal at k = 3. Hence, one can consider an interacting

scalar theory having the cubic term ¢(x).



Chapter 2
Symmetry and fields

In this Chapter, we start to discuss the Lorentz symmetry, which is an important symmetry for
relativistic field theory. We then introduce the Lagrangian formalism, and discuss various field

theories and their symmetries within the classical theory.

2.1 Lorentz symmetry

We consider the Lorentz symmetry, which is a fundamental symmetry of the relativistic field
theory. In this note, we use the following convention for the d = D + 1 dimensional Lorentzian

spacetime metric

N = diag(+1,-1,...,-1). (2.1.1)
—_——
D
The manifold with this metric signature is called the Lorentzian manifold, which is a special

case of the pseudo-Riemannian manifold with the signature (+1,...,+1,—1,...,—1). In the

p q
case with ¢ = 0, it is called the Riemannian manifold. For the moment, we focus on the case

(p,q) = (1, D), which is the most relevant situation in the relativistic field theory.
We introduce the following convention for the vectors:
a* = (a%al, ..., d"), ay = nua’ = (a° —a', ..., —a?). (2.1.2)
The inner product of the vectors is written using the metric as follows:
a-b=a,b" =nua'bt’ =n"a,b, . (2.1.3)
Let us consider the behavior under the transformation (a map A : RbP — RLD),
A2t — AP 2V, (2.1.4)
with
- x =zt =nuatc’ KN Nuw A, A 2Pz . (2.1.5)
If the norm is invariant under the transform, we obtain
NN NG = npe = AJA =07
= A =AW, =0 A = AT=9ATn. (2.1.6)



Therefore, A", is an element of the orthogonal group O(1, D), which is known as the Lorentz
group for d = D + 1 dimensional spacetime. It is also convenient to use the matrix notation to

consider the inner product,
bO bO
a-bz(ao,al,...,aD)<77) =t |n| | @ d. . dP) ], (2.1.7)

which is analogous to the cyclic property of the trace. In this notation, the Lorentz transforma-
tion of the norm behaves as

20 0

(Az) - (Ax) =tr [pA | : (:Uo,xl,...,a:D)AT =1tr AT77A : (wo,xl,...,xD)

(2.1.8)
Hence, we obtain the condition, n = ATpA <= AT =nA~1y.

There are four connected parts for O(1, D), which are related through the parity and the time-
reversal operations, P = diag(+1,—1,...,—1), and T = diag(—1,+1,...,+1)." The connected
part, which contains the identity 1 = diag(+1,...,+1), is called the restricted Lorentz group
denoted by SO™ (1, D) or simply SO(1, D) if no confusion.

Exercise 2.1 (Isomorphisms of the spin group). The double cover of SO(n) is called the spin
group denoted by Spin(n). Show the following isomorphisms for the spin group:

Spin(1,1) = GL(1,R), Spin(1,2) = SL(2,R), Spin(1,3) = SL(2,C). (2.1.9)
Then, discuss the isofmorphism by taking the Zo-quotient
SO*(1,3) = PSL(2,C) = SL(2,C)/Zs  with  Zg = {£1}. (2.1.10)

2.1.1 Representation and fields

Let o(z) € V be a field taking a value in the vector space V, e.g., V = R"™ C". Namely, the
field defines a map ¢ : M — V, where M is a (base) manifold on which the field is defined,
e.g., M = R“P. Under the Lorentz transformation

't = A ¥ A € S0(1, D), (2.1.11)
the field p(x) transforms as follows in general:
#i(a') = p(8)p5(x). (21.12)
where p(A) € GL(V) (e.g., GL(n,C) for V= C™) obeying the relation,
p(A1A2) = p(A1)p(A2) for VA1, A2 € SO(1,D). (2.1.13)

In other words, it provides a map p : SO(1, D) — GL(V'), which defines the representation of
the Lorentz group. The vector space V is called the representation space in this context (and
also the target space. See Sec. 2.4.4). From this point of view, we can classify the fields based

on the representation theory of the Lorentz group.

'In fact, the parity matrix P coincides with the Lorentzian metric  under the notation n = (+ — ——).
Therefore, the relation discussed in (2.1.6) is understood as A™* = nATy = PATP. Under the different notation
n = (— + ++), the Lorentz metric coincides with T.



d=3+1

Let us focus on an important example, d = 3 + 1. In this case, the Lorentz group is given
by SO(1,3), which is isomorphic to PSL(2,C). The Lorentz group SO(1,3) is generated by

4
<2> = 6 “rotations” (M, ),v—o0,.. 3, which are antisymmetric M,, = —M,,, and split into

three spatial rotations J = (J; = %Eijijk)i:]_Qﬁ and three temporal ones, called the boosts
K = (K; = Mjp = —Mo;)i=1,2,3-

In order to see the underlying algebraic structure, we consider the infinitesimal version of

the Lorentz transformation with the generators,

AR — exp <;6P0MPJ> “V 5 %EPU(MW)“V + 0, (2.1.14)
with the rank 2 antisymmetric tensor €’ = —e??. Identifying this with 0% + ¢*,, we obtain
(Mpo )", = i(8hn0w — 051p0) (2.1.15)
which obeys the commutation relation
My, Mpo| = =i(0poMye — oMy — NuoeMyp + Mue M) - (2.1.16)
From this relation, we obtain
(i, J5) = i€k » [Ji, K] = i€, K (K, Kj] = —ieijidg (2.1.17)
Combining them as
A:%(J+1K), B:%(J—iK), (2.1.18)

we see that A = (A4;)i=123 and B = (B;);=123 separately obey the commutation relations of
the Lie algebra su(2), whose complexification provides su(2)c = sl(2, C),

[AZ', AJ] = ieijkAk 5 [BZ, B]] = ieijkBk 5 [Au B]] =0. (2119)

This implies that the representation of the Lorentz group is characterized by that of su(2)®su(2)
labeled by a pair of half-integers, (n,m) € Z/2@®7Z/2. Here, the dimension of the representation
(n,m) coincides with that for the representation space V, dimV = (2n + 1)(2m + 1), and the

quantity s = n + m is called the spin. We show several examples in the following;:

Field Representation Dimension Spin

scalar (0,0) 1 0

spinor (3,0)@(0,3) 2+2 : (2.1.20)

vector 2.1 4 1
((anti-)selfdual) tensor (1,0) @ (0,1) 3+3 1

It is also possible to consider higher-spin fields, Rarita—Schwinger field and gravitino for spin—%,
and graviton for spin-2. It is known that the bosonic/fermionic field has integer/half-integer

spin (a.k.a., the spin-statistics theorem).



Spinor field

1
’ 2
group, corresponding to the two-dimensional representation of sl(2, C) denoted by 2-representation,

Let us discuss the spinor field in details. For example, the (0, 5)-representation of the Lorentz

is given as follows:”

1 1
2= <0, 2) : p(A;) =0, p(B;) = =0y, vV =C2?, (2.1.21)

where (0;)i=1,23 are the Pauli matrices:

01 0 —i 1 0 212
o1 = , o9 = , o3 = . 1.
710 27 li o 7o -1

Namely, we have p(J;) = 30i, p(K;) = 10 for the 2-representation. The other representation
(%,O) is given by the complex conjugation, denoted by the 2*-representation, as p(J;) = %J;‘ ,

p(K;) = —107, so that we have

1 1
2= (2’0> : p(Ai) = 50-;7 p(Bi) =0, V=C (2'1'23)

We denote the spinor fields associated with the representations, 2 and 2*, by £ = (£4)a=12 € V

and 7 = (na)a=12 € V. We here distinguish the indices @ and & associated with 2 and 2*.

The contraction of the indices is taken with the invariant tensor of SL(2, C),

€ = 9 = 5 = €qp = 102 = <_01 (1)) : (2.1.24)
For example, the Lorentz scalar is given by
ﬁaﬁfﬁ% =& = —§ﬂ"75, 6d6§377a = &g = —55775. (2.1.25)
We remark €T = ¢! = —e. Then, the vector is constructed by 2 and 2* as follows:
X, = E%(0,) 051 (2.1.26)
where we define
(Owas = (Loiz128)0s, (04 = (1, —0i=128)* . (2.1.27)

Using the Pauli matrices, it is possible to convert the vector to the mixed-spinor,

XM(00) 05 =1 X (2.1.28)
We also define
(") = %(0“6” —o'a") S, (") = %(6“0” — "o, (2.1.29)

*We again remark that A and B obey su(2) Lie algebra relation (2.1.19), and thus p(A) and p(B) are now
representations of su(2) Lie algebra. Hence, they correspond to the trivial representation Ua = exp(ie’p(4;)) = 1
and the two-dimensional representation Up = exp(ie'p(B;)) of SU(2). In fact, although SL(2) and SU(2) are
different Lie groups, finite dimensional irreducible representations of SL(2) are equivalent to unitary irreducible

representations of SU(2) (unitarian trick).



which are (anti-)selfdual tensors,

i i
o — +§e“”p(’apg, g = _ieﬂ”wa—pg, (2.1.30)

We remark that any anti-symmetric tensor (six components) splits into selfdual and anti-selfdual

tensors (three components for each).

These constructions are based on the tensor product of 2 and 2* representations,

202 = <0, ;) ® <o, ;) — (0,0)® (0, 1), (2.1.31a)

2’ 2’

22" = (0,2) ® (;,0> = (; ;) : (2.1.31c)

2" @2t — <1 0) ® <1 0) — (0,0) @ (1,0), (2.1.31D)

See also the table of the Lorentz group representations (2.1.20).

2.2 Lagrangian formalism

Let us introduce the Lagrangian formalism for field theories. We here consider the Lagrangian

with the following conditions:

1.

Locality

The action S is given by the integral of the Lagrangian density which consists of the field
@(x) and its derivatives dp(z),

Sle] = / dt / 4P £ (p(x), Dp()) = / Er Z(p(x), 0p(x),  (22.1)

where d = D + 1 is the spacetime dimension.

. Unitarity

The Lagrangian density is a real number in the classical theory, and a hermitian operator

in the quantum theory, to guarantee the probability conservation.

Poincaré invariance

The Lagrangian density is invariant under the Lorentz transformation and the translation.

We also require the discrete C, P, and T symmetries (but not always).

In order that the resulting equation of motion becomes a second order differential equation,
the Lagrangian does not contain higher derivative terms. (Otherwise, it may violate the

causality.)

2.3 Symmetry and conservation law

We discuss the role of symmetry in the Lagrangian formalism. In particular, we show that one

can construct the conserved quantity if there exists a continuous symmetry (parametrized by a

continuous parameter).

10



2.3.1 Euler-Lagrange equation

We start with the Lagrangian (2.2.1), then take the variation with the field p(z) — ¢(z)+dp(z),

(e (0L 0% )
5= [ <890(:v)5@( ) B0l O )>

_ /dd:c <£‘§; —au<a(£'§m)))>5@(x) +/ddﬂs3#<a(aii$))5gp(az)>. (2.3.1)

Assuming that the total derivative term does not contribute here, we obtain the Euler—Lagrange

equation (or simply called the equation of motion) from the stationary condition under the

variation,

oS 0L 0L
0= e O‘a¢<x>‘a“<a<w<x>>>‘ (2.32)

2.3.2 Noether’s theorem

Assume that the action S is invariant under the infinitesimal transformation of the field,

p(x) — ¢'(x) = p(x) + G(p(x)), (2.3.3)

where € is an infinitesimal parameter. We also denote G(¢(x)) = dp(x). When € is a constant,
the corresponding symmetry is called global symmetry, while it is called local symmetry,
when € depends on a point . We focus on the global symmetry for the moment. In this case,

the variation of the Lagrangian is given by

0Z 0%

e eG(p(x)) + mfh(eG(s@(@))

)
0L 0L

5o ) + 5 0uGle(a)) )
)

(
(0,22 Ny + —2Z—o.6(0@)
< (am(m)))
0%

= O <3(6m0(:v))

In order that the action is invariant under the variation, this should be written as a total

0.2 =

(2.3.2
G(w@))) : (2.3.4)

derivative,

0L
ea‘”<a<w<x>>

which implies the conservation law,

G(sO(ﬂﬂ))) = 0, X" (p(z). (2.3.5)

0" () =0 (2.3.6)

of the current, which is called Noether current,

() = %Gw» ~ XP (). (2.3.7)

Noether’s theorem states the existence of the Noether current for the system having a continuous

global symmetry.

11



Noether charge

From the conserved current, we can construct the Noether charge (also called the conserved

charge)
Q= /dDa:jO(:v) = % =0. (2.3.8)
Define the unitary operator
Ue = exp (ieQ) , (2.3.9)
then we obtain
R - p(x) i= Usp(@)U" = p(a) + i@, ()] + O(e). (2.3.10)

Therefore, the Noether charge plays a role of the generator of the infinitesimal transformation,
[(iQ, ¢(z)] = G(p(2)) - (2.3.11)

We remark that the Noether current is not unique, and it is still conserved after modification

by the anti-symmetric tensor,

M) — @)+ 0, (), () = —f () (2.3.12)
because’
8,0, f" (z) = 0. (2.3.13)
The Noether charge @ is not affected by this modification, as long as there is no surface contri-
bution,
/dDa: if%x) =0. (2.3.14)
Energy-momentum tensor
We consider the translation®
¥ — V=" — €. (2.3.15)
Therefore, we obtain
Fa) = pla) = ¢@) =@ + )~ o) + @ Dyp(a). (2.3.16)

Similarly, the Lagrangian density behaves
ZL(¢' (), 00 (z)) = L (p(2), 0p(2)) + €0, L (p(x), 0p(2)) - (2.3.17)

Comparing with the previous argument, we obtain the energy-momentum tensor,
0L
A(Oup(x))

with the conservation law, 8MT‘L = 0, and the Noether charge

T, (x) = dyp(x) = 6, L (p(x), 0p(x)) (2.3.18)

P, = / APz T° (), (2.3.19)

which is a generator of the translation.

3If the function f*¥(z) is a smooth and single-valued function.
4Since the translation is parametrized by a vector €”, it is isomorphic to RV"?. Combining the translation

symmetry, the Lorentz group is promoted to a non-compact group, called the Poincaré group.
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Generalized global symmetry

Using the differential form notation, the conservation low of the current (2.3.6) can be written

as follows,
d%j=0, (2.3.20)

where the current j is interpreted as a one-form, d is the exterior derivative, and * is the Hodge
dual operator with respect to d = D + 1 dimensional manifold, so that the dual current xj is a

D-form.” In this formulation, the Noether charge (2.3.8) is given by

Q= *7 (2.3.21)
Mp

where Mp can be taken to be a general D-dimensional submanifold of the spacetime.

We then define the symmetry generator (analog of the unitary operator (2.3.9)) associated
with Mp,

Unr,, = exp (iQ) = exp <1/ *j) i (2.3.22)
Mp
The action of this generator is similarly defined as before (2.3.10),

Rup, - ¢(x) := Unipip(x) Upyr (2.3.23)

We consider the case D =1 and Mp = R (z-direction) for simplicity. In this case, the action of

the generator (2.3.23) is graphically understood as follows,

t\ Rary, - o(x) Unip (@)U,
x « Uirr
@ . () (2.3.24)
> U]WD

From this point of view, this operation is topological in the sense that the operator R, topo-
logically wraps the field ¢(x). We remark that, due to the conservation law, the generator is

Ump
dt =0,

L. ‘

= " (2.3.25)

translation invariant in ¢-direction,

> Unmp

One can generalize this argument as follows. We start with a (p+ 1)-form conserved current

Jp+1 and its dual xjp41, which is a D — p form. The conservation law is similarly written as

d* jpi1 =0. (2.3.26)

5We will discuss the differential form in Sec. 2.6.3 for more details.
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Then, we define the symmetry generator associated with a (D — p)-dimensional submanifold

MD*]H
Ump_, = €xp <i /M *jp> : (2.3.27)
D

-p
In order to topologically wrap the field (the charged object under the symmetry generator), it

should be extended in a p-dimensional submanifold M, which defines the action of the generator,
Ry, - 0(Mp) == Unrp 0 (Mp) Uppy (2.3.28)

The global symmetry of such an extended (namely non-local) object is called the generalized
global symmetry [GKSWI14]. In particular, the symmetry for a p-dimensionally extended
object is called the p-form symmetry, where the ordinary local symmetry corresponds to the

0-form symmetry.

2.3.3 Conformal symmetry

The Lorentz rotation and the translation are fundamental spacetime symmetries in the rela-

tivistic field theory. In addition, one may consider a special class of spacetime symmetries as

follows:
Dilatation (scale transform) : o — 2'* = e %2t = 2# — az’ + - (2.3.29a)
. , aH — BHa? 9
Special conformal transform : z# — 2'# = =t — pha® —28%x a2t + - -

1 —2b- 2+ b2x2
(2.3.20b)

Exercise 2.2 (Special conformal transform). Verify that the special conformal transform (2.3.29b)

can be rewritten in the following form,

h oz

M
— =g (2.3.30)

2
Exercise 2.3 (Dilaton current). Let D* be the Noether current associated with the dilatation.
It is known that one can modify the energy-momentum tensor using a proper anti-symmetric

tensor (2.3.12), such that we have the relation’
DF = 2"T* . (2.3.31)

Show that the divergence of the dilaton current is given by the trace of the energy-momentum

tensor,
8, D" =T",. (2.3.32)
Similarly to the translation, the dilatation and the special conformal transformation are

non-compact, and isomorphic to R and R1P. All these transformations are combined into the

conformal group, which is given by SO(2,D + 1), and the theory having this conformal

5We remark that, after this modification, the energy-momentum tensor is not symmetric in general.

"We remark that SO(2, D + 1) is the isometry group of the (D + 2)-dimensional Anti-de Sitter (AdS)
space, denoted by AdSp+2. This agreement is one of the aspects of the AdS/CFT correspondence, which
is the correspondence between (D + 2)-dimensional AdS space and (D + 1)-dimensional CFT. See, for example,
[AE15, BBS07] for details.
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symmetry is called the conformal field theory (CFT):

Lorentz group  SO(1, D)

Poincaré
Translation RLD (2:3.33)
) ] Conformal group
Dilatation R SO(2,D +1)
Special conformal — RLD

Exercise 2.4 (Counting the dimensions). The dimension of the orthogonal group SO(p,q) is

given by
_ 1
dimSO(p,q) = (P +a)(p+a—1). (2.3.34)
Verify that
dim SO(1, D) + dimRY? + dim R + dim RYP = dim SO(2, D + 1) . (2.3.35)

As seen in Exercise 2.1, the double cover of the conformal group is given by the (non-compact)

spin group Spin(2, D + 1), which show the following isomorphisms:
Spin(2,2) = SL(2,R) x SL(2,R), Spin(2,3) = Sp(4,R), Spin(2,4) = SU(2,2). (2.3.36)

We remark that the conformal symmetry in the case D = 1 (d = 2) is special: In this case,
an arbitrary holomorphic function generates the conformal transformation, and therefore the
conformal symmetry is enhanced to infinite dimensional symmetry. The symmetry algebra
describing the two-dimensional conformal symmetry is called the Virasoro algebra, which is

an infinite dimensional Lie algebra characterized by the following algebraic relation,
[Ly Lin] = (0 — m) L + %n(n2 ~1)0ntmo, nymeZ. (2.3.37)

The element c is the central charge, which commutes with all other generators (L, ),cz. Hence,
one can treat it a (complex) number. See, for example, [DFMS97, Gab99, Sch05, Car08, Rib14,
Tes17] for details.

Exercise 2.5 (sl subalgebra of the Virasoro algebra). Verify that the generators (Lo, L+1) of

the Virasoro algebra form the sly subalgebra.

In two dimensions, the holomorphic and anti-holomorphic sectors can be independently
discussed, and one can consider the Virasoro algebra for each sector. In fact, as seen from
the isomorphism (2.3.36), the two-dimensional conformal group consists of two SL(2) groups,
which are interpreted as the subgroups of the infinite conformal symmetries associated with the

holomorphic and anti-holomorphic sectors.

2.4 Scalar field

2.4.1 Real scalar field

Let us consider the scalar field theories. The simplest one is the real scalar field, ¢(z) € R, with
the following Lagrangian:
1 1 A
—— oo - 022 0 7N 4
Z = 5 Moloiato) 5™ o) 4!<;5 . (2.4.1)
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This model has a discrete symmetry Zs = O(1), ¢(x) <> —¢(x), but does not have any continuous

symmetry, so that we cannot discuss the Noether current in this case.

The corresponding action is given by

5= [ da26.00)
1 1 A
_ d_ (1 o Lo2,2 A4
d 1 L 90 Ay a1
= | d% —iqb@,ﬁ“gb— 3™m P° — qu) + [ d 335@((;56“(;5). (2.4.2)
We assume that the last term does not contribute to the action since it just gives the surface
term.
Exercise 2.6 (Klein—Gordon equation). Derive the Euler—Lagrange equation for this Lagrangian:
A
(8,0" +m*)¢ + 5453 =0. (2.4.3)

This is actually a non-linear wave equation due to the cubic term ¢>. When X\ = 0, it is reduced

to a linear wave equation, a.k.a., Klein—Gordon equation.

In this case, the mass dimensions of the field and the parameters as follows:
[m]=1, o] == —1, A =4-d. (2.4.4)

We remark that the dimension of the field ¢ is modified from (1.3.10). This is related to
the correspondence between D-dimensional statistical mechanics (statistical field theory) and
d(= D + 1)-dimensional quantum field theory. In d = 4, in particular, the coupling constant of

the higher term, ¢(z)* with k& > 4, has a negative dimension, which is irrelevant.

2.4.2 Complex scalar field

The next example is the complex scalar field theory,

2 = 0,6°0"6 — m?6"0 — 2 (670) (2.4.5)

In this case, the Lagrangian is invariant under the U(1) transformation,
o(x) — 99(z) = p(z) +i0o(z) + O(6?), (2.4.6a)
o*(x) — e Y9t (x) = ¢*(x) — 100" () + O(F?). (2.4.6b)

Applying the Noether current formula (2.3.7), we obtain the U(1) current,®
0L : 0L

* =1 — 1"
P 5@ 00,07)
with the conserved charge,

Q= /dDa:jO = /dDa:i((‘)OqS*gb —¢*9°9) (2.4.8)

Exercise 2.7 (Klein—Gordon equation for the complex field). Derive the Euler—Lagrange equa-

= 0l  — ig* 0", (2.4.7)

tion for the complex scalar field ¢(x):
(0,0" +m*)p+ N9 d)p =0, (2.4.9)
and similarly for ¢*(x).

8See the Maurer—Cartan form discussed in Sec. 2.6.4.
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2.4.3 Multi-component scalar field

Let ¢(z) = (¢i(x))i=1,..n € V = R" be an n-component real scalar field. We denote the inner

n
product on V by (z,y) = Z x;¥;, and the norm |z|2 = (2, z). Then, we consider the Lagrangian
i=1
of the form,

2= 10,0.00) - Inlota) - 2 (ot)) 2410

and the Euler—Lagrange equation gives rise to the nm-component analog of the Klein—Gordon

equation. This Lagrangian is invariant under the O(n) transformation:
¢i(z) — O¢i(x), 0eO(n). (2.4.11)
Therefore, we can discuss the Noether current for the multi-component real scalar.

Exercise 2.8. Derive the Noether current for the n-component real scalar field theory associated
with O(n) symmetry. We can similarly consider the n-component complex scalar field, ¢p(x) € C"
with the Lagrangian invariant under the U(n) = U(1) x SU(n) transformation. Derive the

Noether current for this case as well.

2.4.4 Non-linear sigma model

The non-linear sigma model is a natural generalization of the previous example: One can consider

the curved manifold as a target space V' with the metric g = (¢ij)i j=1,..dimV,

1 1

£ = §gij(¢)8u¢i8“¢j = 5(0:0,0"9), (2.4.12)

where we denote the inner product with the metric g;; by (-,-) in general. For the moment, we
do not incorporate the potential term for simplicity. In the case of d = 2, the mass dimension

of the field is [¢] = 0, so that one can consider arbitrary metric as a function of ¢.

Polyakov action

In general, one can consider the curved spacetime M with the metric h = (huy)u—o,..,p and

det h < 0 (Lorentzian signature). In this case, the Lagrangian (2.4.12) is given by

1

Z = Shgi (PSP = 2(0,0.00), (2.4.13)

and the corresponding action is called the Polyakov action (The convention is slightly different
from the standard one). The field ¢ defines a map from the spacetime to the target space,
¢ : M — V, which parametrizes the embedding of d-dimensional world volume within the
target space V. In this context, the invariance of the action under the deformation of the field
¢ — @' + £ is interpreted as the diffeomorphism in the target manifold V. For example, in
the case of d = 2, it describes the embedding of the world sheet of string, and only in this case,

the non-linear terms are relevant. See Sec. 1.3.3.
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O(n) non-linear sigma model

We can describe the non-linear sigma model with the curved target space without using the
curved metric g explicitly in some cases. Let g;; = d;; be a flat metric of R". Then, we consider

the constraint
(6,0)=> ¢7=1. (2.4.14)
i=1

Namely, ¢ is a unit vector in R™, which defines the (n — 1)-dimensional sphere S"~! having a
positive constant curvature. Therefore, the Lagrangian (2.4.12) with the unit vector constraint
is the non-linear sigma model with the target space V = S"~!. Since this model is invariant
under the O(n) transformation (2.4.11), it is called the O(n) non-linear sigma model. We remark
that the (n — 1)-sphere has a realization as the quotient, S"~! = O(n)/O(n — 1).

2.5 Spinor field

2.5.1 Dirac spinor

Let us discuss the spinor field Lagrangian in particular for d = 4. We first consider the kinetic

terms for 2 and 2* spinors:
infotd,m, i£T51a),¢ (2.5.1)
which are combined into the Dirac kinetic term,
&L =iy o). (2.5.2)
This can be written in more symmetric way through integration by parts:
L = %(iqw‘aw — 10,7 . (2.5.3)

We here define the Dirac spinor and the gamma matrices,

foz 0 (Uu)a'
Y= (nd> ,ot= ((5“)‘”3 . 5) : (2.5.4)

The Dirac conjugate is defined as

Pt =yt (O]
Y=oy =1 (1 o)' (2.5.5)

We remark the relation for the gamma matrices,
{77 =AY =2 (2.5.6)

which is invariant under the Lorentz transformation, v* — A" 4", A € SO(1,3). Hence, the
choice of the gamma matrices is not unique. The expression shown in (2.5.4) is called the Weyl

(chiral) basis.
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We also define
. +1 0
7P =i’y = ( ) : (2.5.7)
and the chiral projection operators,

1+9° 10 1—7° 0 0
— 7 — , 2.5.8
2 (0 0) 2 0 1 (2:5.8)

Then, we obtain the left-handed and right-handed spinors,

149 (& 1= (0
VR =5 w—<0>, L=y w—<nd>. (2.5.9)

This decomposition is called the chiral decomposition, which can be discussed in even dimensions

in general.

Symmetry

The kinetic term is invariant under the U(1) transformations,
Ul : n — €%y,  UM)gr: € — efre, (2.5.10)
which are equivalent to
Ull)y: ¢ — el(OL+0R) /2y, b — PeiBLHin)/2 (2.5.11a)
Ul)p: ¢ — e CO0t0R)/2y gy ) e (0t0R)/2 (2.5.11b)

Therefore, the kinetic term of the Dirac spinor (2.5.2) has U(1)y x U(1)s symmetry, called
chiral symmetry. If one consider n sets of the Dirac spinor (n flavor system), it consequently

has U(n)y x U(n)a symmetry.

Exercise 2.9 (Vector and axial symmetries). Derive the Noether currents associated with

U(l)y x U(1)4 symmetry from the Lagrangian (2.5.2):
=y, =y, (2.5.12)

which are called the vector and axial-vector currents. The corresponding conserved charges are

then given by

[aPwvto= [aPs(dleratn) W@
0= (2.5.13)
[aPwvive = [P (sl uln) (U@

Mass term

We can consider the mass term for the Dirac spinor

—mip = —m(&Tn +n'¢), (2.5.14)

which is invariant only under U(1)y; This mass term violates the U(1)s symmetry. Then,

combining with the kinetic term (2.5.2), the total Lagrangian is given by

L =p(iv'0, —m)y. (2.5.15)
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Exercise 2.10 (Dirac and Weyl equations). Derive the Euler—Lagrange equation,
(iv"0, —m)y =0, (2.5.16)

which is known as Dirac equation. Then, if m = 0, confirm that the Dirac equation splits into

Weyl equations for & and n,

"9, =0,  ig"9.E=0. (2.5.17)

2.5.2 Interaction term

Let us consider the interaction term for the Dirac spinor. One of the most important examples
is the Nambu—Jona-Lasinio (NJL) model:

Ll = Py, + G((@z‘nﬁz))2 + (9°)) (2.5.18)

where G is the coupling constant. This kind of the interaction term is called the four-fermi
interaction. In fact, the interaction term of the NJL model is invariant under U(1)y x U(1)a

transformation (2.5.11), so that the NJL model has the chiral symmetry.”
Exercise 2.11 (Chiral symmetry of the NJL model).

1. Show 7" = cos @ + iv’sinf. One may use the formulas:

00 P2t o0 220
sinx = ;(—1) [k cosT = nzz:l(—l) @)l (2.5.19)

together with (75)2 =1.

2. Show that the interaction part of the NJL model is invariant under U(1)y x U(1)4 trans-
formation (2.5.11).

In addition to the four-fermi interaction, there is also an interaction between the fermion
(spinor) and the scalar field, called the Yukawa interaction, ¢1)¢. In this coupling, the scalar
field plays a role of the mass parameter for the spinor (originally introduced as a meson). See
Sec. 3.5.2 and Sec. 6.2.3.

2.5.3 Majorana spinor

We consider the charge conjugation operation:

5 77* . * 7
where the charge conjugation matrix is given by
C=ir’y? = C?=-1. (2.5.21)

9This is true only at the classical level. Implementing the quantum correction, it is known that the chiral
symmetry of the NJL model would be spontaneously broken. This phenomenon (the realized vacuum state
violates the symmetry of the original Lagrangian) is called the spontaneous symmetry breaking (SSB) of

the chiral symmetry. See Chapter 6 for details.
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Exercise 2.12 (Charge conjugation). Show the gamma matrices transforms under the charge

conjugation:
CItC = =17, (2.5.22)

Then, we consider the Majorana spinor,'’

Vv = (;’3) (2.5.23)

which is invariant under the charge conjugation, ¥y = wg{. The Lagrangian is given by

1- 1 - ) m N
L = ?/JMI’Y”@;ﬂﬁM - §m¢M¢M = nTla“alm - E(UTEU - 77T€77 ) . (2.5.24)

The mass term is explicitly written as

nten =nte n’ =n'n’ =’y (2.5.25)

which implies that we should consider the spinor field as an anti-commuting variable, called
Grassmann number, n'n? = —n?p!. Otherwise, one cannot consider the mass term for the

Majorana spinor.'’ The complex conjugate is now defined as (n¢)* = £*n*.

We remark that the Majorana mass term violates the U(1);, symmetry described in (2.5.10)
into Zy = O(1): 7 — —n.'? This means that the particle number is not a conserved quantity in
the presence of the Majorana mass term. The particle number parity (—1)N is still well-defined,

but it is not a Noether charge, since Zs = O(1) is a discrete symmetry.

2.5.4 Grassmannian calculus

Let us discuss the calculus of the Grassmann numbers,
{0:,0;} =0, ,j=1,....n. (2.5.26)
From this property, it turns out that Grassmann numbers are nilpotent,

02 =0. (2.5.27)

Derivative and integral

We define the derivative in the same way as the ordinary commutative c-number,

0

We remark the relation [0.,, z;] = ¢; j for the ordinary number is replaced with the anticommu-

tation relation,

{;&7 9].} 5 (2.5.29)

10This is also known as Nambu spinor in the context of Bogoliubov—de Gennes (BdG) Hamiltonian describing

excitation in the superconductor.
" Recall the spin-statistics theorem in Sec. 2.1.1.
121f one construct the Majorana spinor from the spinor &, the corresponding mass term similarly violates the

U(1)r symmetry.
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Then, the integral with the Grassmann number is defined as follows:

/d@i 0; =i, /d&i 1=0. (2.5.30)

Namely, the derivative and the integral are essentially the same for Grassmann numbers.

Exercise 2.13 (Jacobian for the Grassmann variables). Show that, under the transformation

U :0; — U;;0;, the integral measure behaves as
/d&l---den — /d01-~d0n (detU) ', (2.5.31)
and compare with the Jacobian of the ordinary commutative variables,

U: ziv Uiz, /dzl..-dzn — /dzl---dzn (detU)*. (2.5.32)

2.6 Local symmetry and gauge field

2.6.1 Gauge transformation

We have considered the U(1) transformation (2.4.6), which does not depend on the spacetime
coordinate = € M (global transformation). Let us similarly consider the spacetime dependent

transformation (local transformation) as follows:
o(x) — '@ p(z). (2.6.1)

This is called U(1) gauge transformation. Under such a local transformation, the derivative

term is not invariant,
Oudla) — 0u(" () = UD0,0(x) +i(D,6(x)) () (2.6.2)
In order to compensate the extra factor, we then define covariant derivative:
D,é(x) = (9, — ieAu(x))(x) (2.6.3)
where the gauge transformation of the vector field A,(z), called gauge field, is given as follows:
Ay(x) — Au(x) + é@,ﬁ(:p) . (2.6.4)
Exercise 2.14 (U(1) gauge symmetry).

1. Show that the covariant derivative term behaves under the U(1) transformation as
Dup(z) — @D, o(x). (2.6.5)
2. Confirm that the Lagrangian
2 = (Du0)" (DF6) ~ m?6"6 — (67 6)? (2.6.6)
is invariant under the local U(1) transformation.
3. Apply the same argument to the Dirac field, and show that the Lagrangian
L = (" D, — m)y (2.6.7)

is invariant under the local U(1) transformation.
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2.6.2 Maxwell term

We consider the kinetic term for the gauge field A,(x). The gauge invariant combination of the

first derivative terms is given by
F/U/ = 8},LAI/ - 8I/A/,l, , (268)

which is called the field strength. Identifying the gauge field with the scalar and vector
potentials in d =4, A = (¢, Aj—1,2,3), each component gives the electric and magnetic field,

with

F, = . (2.6.10)
~E, -B, B, 0

Exercise 2.15 (Field strength). Show that the field strength is obtained from the commutation

relation of the covariant derivative as follows:

LDy, Db() = Fud(). (2.6.11)

—1le

In order to discuss the Lagrangian, we should contract the spacetime indices to construct

the Lorentz scalar. Then, the gauge invariant kinetic term is given as follows:

1 1 — —
— 3 FwF* = = (E E-B- B) , (2.6.12)

which is called the Maxwell Lagrangian. In addition to the kinetic term, we also introduce

the source term,
1
¥ = _ZFWFW - A, J", (2.6.13)

where we denote the current by J* = (p, J=123) obeying the conservation law 8, J* = 0. We

remark that the source term behaves under the gauge transformation as
1 1 1
A JE — Ay +-0,0 ) J" = A, TN + -0,(00") — -00,J" . (2.6.14)
e e e
Exercise 2.16 (Maxwell equations). Derive the Euler—Lagrangian equation from the Lagrangian (2.6.13):
O FH = Jv. (2.6.15)
Then, together with the Bianchi identity,
OuFyun+ Oy Fyy + OaFpy =0, (2.6.16)

compare with the Mazxwell equations,

V-E=p, VxB-08E-=.J], (2.6.17a)
V-B=0, &B+VxE=0 (2.6.17b)



2.6.3 Geometry of gauge theory

We discuss a geometric formulation of gauge theory. The gauge field and the field strength are

written as the differential forms:

1
A=A,dz", F=dA= §Fw,da:“ Adz” (2.6.18)
where we denote the exterior derivative by d with the A-product, s.t., dx* A dx¥ = —dx¥ A dx*.
The p-form differential is in general written as
1 A )
o= =g, dz A ANdatt € QP (M), (2.6.19)
p!

where we denote a set of p-forms on M by QP(M). From this point of view, the gauge field
plays a role of the connection on the spacetime M, and the field strength is the corresponding

curvature.

The Maxwell Lagrangian is then written using the differential form as follows:
1
Z = _iFA*F_ ANKT, (2.6.20)

where the Hodge dual operator is a map, * : QP(M) — Q47P(M). For the p-form differen-
tial (2.6.19), it is given by

1 - ~ 1 e
*Q = A= (*Q)ip sy orrigdTPTE N - Adat (%) iy 1omvig = ﬁeil...ida“ v (2.6.21)
In this formalism, the current conservation is described as
dJ =0. (2.6.22)

Then, the Euler—Lagrange equation and the Bianchi identity are given as
dxF = *J , dF =0. (2.6.23)

We remark that the Bianchi identity immediately follows from the nilpotent property of the
exterior derivative d?> = 0. In particular, in the case of d = 4, the Hodge dual maps Q?(M) —
Q2(M). Therefore, we obtain the dual curvature

1
*: Fu = 5Fu = S6up P (2.6.24)

Exercise 2.17 (Topological term).
1. Show the component of the dual curvature is given by

0O B. B, B
-B, 0 —E. BE,

*F,, = , (2.6.25)
" l-B, E. 0 -E
-B, -FE, E, 0
and compare with the original expression (2.6.10).
2. Show that another gauge invariant Lagrangian in d = 4 takes a form,
1 1= =
g = —éﬁﬂypo—FuprU = §E . B . (2626)
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3. Consider the Lagrangian (2.6.26) written in the differential form expression. Then show
that it is written in a total derivative form, and confirm that it does not contribute to the

FEuler-Lagrange equation,
1 1

In this sense, this term is called the topological term, which is invariant under the con-
tinuous deformation of the field. This is related to the fact that the n-th Chern class is

written as an exterior derivative of the Chern—Simons (2n — 1)-form.

Selfdual/anti-selfdual tensor

The curvature splits into the selfdual and the anti-selfdual tensors in d = 4,3
1
F=Fpt P, Fyi= S(FF) = 4aF . (2.6.28)
In fact, this corresponds to the (1,0) and (0,1) representations of the Lorentz group. See the

Lorentz group representations (2.1.20).

We then consider the (anti-)selfdual equation in d = 4,

Lpem) 0. (2.6.29)

*F=xF <+ F:F::5

In fact, the (anti-)selfdual tensor turns out to be a solution to the Euler-Langange equation in

the absense of the source term,

dxp PED g Blanchi (2.6.30)

2.6.4 Non-Abelian gauge theory

One may consider the local version of the higher-rank transformation of the field discussed in
Sec. 2.4.3. For example, let V' = C", and consider U(n) = U(1) x SU(n) local transformation.

Since the U(1) part has been already discussed above, we may focus on the SU(n) part.

From now on, we consider the gauge transformation with generic simple Lie group G,
o) — U@)p(x), A, — UAU - ilgUE)MUl ., U)ea, (2.6.31)
where ¢ is the coupling constant. The Lie group element is parametrized as follows:
U(x) = exp (10 (z)t*), (2.6.32)

where (t%)g=1,.. dimG are the generators of the Lie algebra g = LieG with the commutation

relation'*

[ta, t”] = if ge, (2.6.33)

3For the moment, we consider the Euclidian signature. For the Lorentzian signature, we should put the
imaginary unit i = /—1 for the definition. See also (2.1.30).

MYWe apply the convention, s.t., the Lie algebra generators are hermitian. One often uses the anti-hermitian
generators in the literature, in which the imaginary unit i = v/—1 does not explicitly appear: The commutation

relation is written as [t“, tb} = f°® °, and the Lie group element is parametrized as g(z) = exp (8%(z)t%).
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and with the normalization
1
tr (t“tb) = 0. (2.6.34)
The derivative term U~'0U is called the Maurer—Cartan one-form, which takes a value in

the Lie algebra g. Therefore, the gauge field is expanded with the Lie algebra generators,

dim G
Ay = > An®. (2.6.35)
a=1

In the case of G = SU(2), the generators are given by (a half of) the Pauli matrices, t* = ¢%/2
2

for a = 1,2,3. We remark that the mass term for the gauge field % tr A, A" breaks the gauge

symmetry, as is not compatible with the gauge transformation (2.6.31).

Exercise 2.18 (Non-Abelian gauge symmetry).

1. Show that the covariant derivative term (in the fundamental representation of G) trans-

forms under the G-gauge transformation as follows:

(2.6.31)
R

D,o(x) := (0 —igAu(z))o(x) U(x)D,p(x) . (2.6.36)

2. Assuming 0% < 1, the group element (2.6.32) has an expansion

Ulx) =1+i0%2)t" + 0(6?). (2.6.37)

Then, show that the infinitesimal version of the the gauge transformation (2.6.31) is given
by

d(z) — o(z) +i0%(x)t¢(z), (2.6.38a)

A — AS+ ;auea — fpeAPOC =: A% + ;DHG‘I , (2.6.38b)

where D,, here is the covariant derivative acting on a field in the adjoint representation of

G. In the matriz form, 0 = 0°t*, we insted have

1 1
Ay — Ay + 58’*9 +i[A,, 0] = A, + ;D“H' (2.6.39)

3. Show that the field strength (curvature) constructed from the covariant derivative (See
(2.6.11) ) takes a form,

1

_lg

Fu = ——[Dy,D,] = 8,A, — 9,A, —iglA,, A,). (2.6.40)

4. Show that the field strength behaves under the G-gauge transformation as follows:

(2.6.31)
Fn, ——

UF,U*. (2.6.41)
We can construct the gauge invariant Lagrangian similarly to the U(1) theory (2.6.13),
1 1
Loy = 5 tr B PP = S Ff, F (2.6.42)

which is called Yang—Mills (YM) Lagrangian. In fact, this Lagrangian contains non-linear

terms of the gauge field A, which describe the self-interaction of the gauge field. See Sec. 5.2.5.
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Differential form description

We can formulate the G-gauge theory with the differential form description similarly to Sec. 2.6.3.

In general, the gauge field is described as a g-valued one-form on M,

AcQY(M,g), (2.6.43)
with G-transformation
1
G: A — UAU ' - gUdU—l, Uea. (2.6.44)

Then, the curvature is given by a g-valued two-form,
F=DA=(d—igANA=dA—igANAecQ*M,qg), (2.6.45)
with the G-transformation,
G: F — UFU'. (2.6.46)

Namely, A (more precisely, the covariant derivative D) and F' transform in the adjoint repre-
sentation of G. This is mathematically established as the principal bundle with the structure

group G (principal G-bundle).

The Lagrangian is given as before
Lyv = —tr (FAXF), (2.6.47)
with the Euler—Lagrange equation,
DxF =0. (2.6.48)

This is a non-linear second order PDE, so that it is difficult to solve it in general. We remark

that, in d = 4, the (anti-)selfdual curvature
*F = +F (2.6.49)
solves this equation due to the (generalized version of) Bianchi identity,
(A)SD

DxF VLY L pp P (2.6.50)

The (anti-)selfdual equation is still non-linear, but is a first order PDE, which is easier to
deal with. The equation (2.6.49) is called the (anti-)self-dual Yang—Mills ((A)SDYM)
equation, and its solution is called the instanton, which would play an important role to

understand the non-perturbative aspects of four-dimensional quantum gauge theory.

Topological term

In the case of d = 4, there is another gauge invariant Lagrangian in addition to the YM La-

grangian,
2
fztrF/\detr<A/\dA+3A/\A/\A> =:dCS3, (2.6.51)

where CS3 is called the Chern—Simons three-form. Since this term does not contribute to the

Euler-Lagrange equation, it is called the topological term as before.
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2.7 Gauge theory description of curved manifold

We start with generic metric g = (guv)u,v—o0,..,p- Since it is a symmetryc matrix depending on

a spacetime coordinate = € M, one can diagonalize it using the local SO(1, D) transformation,
I = e/fel,b Nab (2.7.1)

where 1 = (1ab)ap=0,...,p is the Lorentzian metric (2.1.1), and e = (eua)uﬂ:l,...,D € SO(1,D) is
called the vielbein. Using the vielbein, one can describe the curved manifold with locally flat
patches. For the moment, we apply the Greek indices u, v, ... as the curved manifold indices,

and the Latin indices a, b, ... to the locally flat ones.

We then consider the local Lorentz transformation. For this purpose, we recall that the

Dirac spinor behaves under the Lorentz transformation,
i

Y — exp (—46“1’(96)%1))1/} (2.7.2)

where we define
i

5 v ] - (2.7.3)

Yab =

Namely, (Yab)ap=0,....p are the generators of the Lorentz group in the spinor representation.
Applying the same argument to Sec. 2.6.4, we introduce the spin connection to define the

covariant derivative,

1
Vo =€ (0, +iw,), wy = ,wzb%b_ (2.7.4)

a

This spin connection actually plays a role of the gauge field for the local Lorentz gauge symmetry.
It is in fact related to the Christoffel symbol as

a _ ,apv_ A a v
w, 'y = e, ' T \e% — e, 0ue" (2.7.5)

which is essentially the gauge transformation as shown in (2.6.31).

This formalism plays an essential role to consider the spinor field on the curved manifold.

In general, the gamma matrices obey the generalized version of the relation (2.5.6) as

{'Ma%/} = 29w - (2.7.6)

Using the vielbein, one can convert the gamma matrices to those for the flat space, v, = €,"7q
with {v4, 7} = 2nap. Therefore, the Lagrangian for the spinor on the curved manifold is given
by

L =9V —m)y. (2.7.7)

Differential form description

We apply the differential form formalism to the local Lorentz gauge field. We denote the vielbein

and the spin connection one-forms by

e’ = e, dz", w® = wzbdx“ . (2.7.8)
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Applying the covariant derivative, we obtain the torsion and the Riemann

forms as follows:
a a a b 1 a o v
T =de” +wHy Ne’ = iled:L‘ Adz”
1

RY = dw + Wi Aw = §R‘wa dxt A dx”

which are converted to the standard convention,
b
Tpiuu = epaTU,Luz/ ’ Rpcr;w = epaecr Rabp,l/ :

The Ricci curvature is constructed from the Riemann curvature,

— PP __p , bpa
Ry, =R, =¢ee,/RY,, .

In d = 4, we may consider the following topological terms:

e*Ae’ A Ry, T*AT,, 4 ANRb €aped R N\ R

curvature two-

(2.7.9a)

(2.7.9b)

(2.7.10)

(2.7.11)

(2.7.12)

The third one is the Pontryagin class, and the four one is the Euler class of the tangent

bundle. See, for example, [Nak03, Sec. 11.4] for details. The linear combination of the first and

the second ones, T* AT, — e® A e® A Ry is called the Nieh—Yan four-form. The corresponding

(gravitational) Chern—Simons three-forms are given as
a b a b 2 a b c
W AR, =d wb/\dwa—l—gwb/\wc/\wa ,

T“/\Ta—e“/\eb/\Rab:d(e“/\Ta):d(e“/\dea—}—e“/\wba/\eb).
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Chapter 3
Path integral quantization

In this Chapter, we discuss the path integral formalism to quantize the field theories based on the
Lagrangian formalism discussed in Chapter 2. We also discuss how to deal with the interacting
field theory based on the perturbation expansion, and introduce the Feynman rule to efficiently

describe the expansion.

3.1 Generating functional

The path integral is formulated as an amplitude from the initial state at t; to the final state at
tr. We in particular interested in the situation (¢, ¢f) — (—o0,+00), s.t., the initial and final
states are given by the vacuum (ground state) |0)." Then, the corresponding amplitude in the
path integral formalism (also called the partition function in the analogy with the statistical

mechanics) is given by

Z :=(0|0) = /ng exp <i/ddx$(¢,8¢))> , (3.1.1)
where the path integral measure is a formal product of the measures at each spacetime point,

D¢ =[] dé(x). (3.1.2)

xeM

With this formalism, we consider the n-point correlation function,

(O] T[p(x1) - - - P(2n)] |0)
0/0)

{
= % / D¢ é(1) -+ (an) exp (i / A%z Z(9, a¢>) , (3.1.3)

(Tl¢(@1) -~ d(an)]) =

where we apply the time-ordering product,

Tlo(ar) -~ dlan)] = Blan) - dlan) sty EHen = hoond (3.1.4)

+00 > t;, > - >t > —00.

In order to compute the correlation function, we consider the generating functional,

217 = / Dé exp <i / A (L (6, 06) + J(ﬂc)gb(:n))) , (3.1.5)

!One can justify this argument through the Euclidianization: Applying the imaginary time formalism ¢ — —ir,
the phase factor /Pt — P70 _ 0 if F £ 0 at (1, 7t) — (—00, +00).
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where J(x) is the external source field. In this convention, the partition function is given by

Z = Z[J = 0]. Then, the functional derivative with the source field is given by

gig;Zﬁ/fw¢@ﬂ@@({/d%%£%¢8@+num¢@»), (3.1.6)

so that we obtain the n-point function via the functional derivatives,

i 5" Z[J]
Z[J] 0J(z1) - 0. (zn)

(Tl¢(z1) - - plan)]) = (3.1.7)

J—0

In many cases, we are interested in the connected part (also known as the cumulant) of

the correlation function. For example, the connected part of the lower order correlation functions

is given by
(d(z1)9(22)) = (d(21)9(22)) — (D(21)) (B(22)) , (3.1.8a)
(O(z1)d(22)d(23)), = (d(z1)d(22)P(23))
—(p(z1)) (d(z2)d(23)) — (P(22)) (P(z1)B(23)) — (B(23)) (P(71)P(22))
+ 2(d(z1)) (P(22)) (P(x3)) , (3.1.8Db)

where we do not show the time-ordering symbol for simplicity. We remark that, for the ¢*-
theory, the odd-point correlation functions become zero due to the symmetry ¢ — —¢ (see
Exercise 3.3). Hence, for example, we have (¢(z1)d(x2)). = (d(z1)d(x2)).

Exercise 3.1 (Generating functional of the connected correlation functions). Show that the
connected part is obtained as

"W [J]
6J(z1) - 0J(zn) | o

(Tlp(a1) - - plan)]) . =17" (3.1.9)

where we define the generating functional of the connected correlation function as follows:

WI[J|=logZ[J] <<= Z[J]=exp(W[J]]). (3.1.10)

3.2 Free scalar field

Let us demonstrate the generating functional formalism with the free scalar theory (cf. (2.4.1)),

2= 20,020 0(x) — mPo(@)”. (3:2.1)

In this case, the generating functional (3.1.5) is given by
ZolJ] = / Dé exp <i / iy (;8“¢(:1:)6“¢(x) _ ém%(:ﬂ)? + J(x)d)(x)))
_ / Dé exp (i / iz <—;¢(m)(8,ﬁ“ +m?)d(z) + J(:U)qb(m))) L (322

In order to evaluate this integral, let us introduce the Gaussian integral formulas as follows.
Exercise 3.2 (Gaussian integrals).

1. Show the following integral formulas (Gaussian integrals),
1
/ dz exp (—2m2> =2m, / dzdz*exp (—|2|*) = 2n. (3.2.3)
R C
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2. Let A and B be positive semi-definite real symmetric and complex Hermitian matrices.

Show the multi-dimensional analogs of the Gaussian integral,

- 1< (2m)n
/Hdmi exp -3 Z Az | = Jot A (3.2.4a)
i=1 4,j=1
n . n . (27_‘_)”
Hdzi dz;exp | — Z 2iBijzj | = %5 - (3.2.4b)
ey ] det B

Hint: These integrals are invariant under

T, — Oijxj, Aij — OikAklOlr‘;, (3.2.5&)

2 — Uiij, Bij — UikBklUlTja (325b)

for O € O(n) and U € U(n), so that it is convenient to consider the basis diagonalizing A
and B.

3. Show the formulas

n

1 (2m)n 1 1
/dei exp | —5 Z ;A + Zcm Vet A =P | 5 Z A,
=1 2,7=1 =1 7,7=1
(3.2.6a)
n n n (27‘(‘)” n
/Hdzi dzjexp | — Z zi Bijzj + Z (dizi+2z7d;) | = Jet g &P Z del-;ldj
i=1 ij=1 i=1 © ij=1
(3.2.6b)

We apply the Gaussian integral formulas to the path integral. We first rewrite the quadratic
term in the path integral (3.2.2) as follows:

/ Az ¢(x) (9,0" + m?)b(x) = / Az dy ¢(x) (9,0" + m?)5@ (x — y)(y)
- / a4z dYy 6(2) K (z — )6 (y) (3.2.7)

where K(z —y) = (8,0" + mz)é(d)(ac — y) is the integral kernel for the real scalar field theory,

and we define the integral operator,

~

K- o) = [ Ko y)otw). (328)
Then, formally applying the formula (3.2.6) to the infinite dimensional case, we obtain
2017 = [ Doesp (i [ oaty (~ oKt - o)) +1 [ o))
— ZolJ = 0] exp <; / 9z dy J(2) K (2 — y)J(y)> | (3.2.9)
Here K~!(x — y) is defined as the inverse of the integral kernel K (z — v),

/ddy Kz —y)K Yy —2) = (8,0 + m>)K Yz — 2) = 6D (z - 2), (3.2.10)
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which is interpreted as the corresponding Green’s function, also called the propagator. Let

(M)iez,. be the eigenvalues of the kernel (the spectra of the Klein—Gordon operator), s.t.,

iR 0i(o) =1 [ YKo - y)ay) = N i), (3.2.11)

Then, the J = 0 part of the partition function Z[J = 0] is given as the functional (Laplacian)

determinant as follows,”

ZolJ = 0] o det (i)~ ﬁ ! (3.2.14)

olJ = 0] xx det (i ) = . 2.
i1 VA

Applying the functional derivative formula (3.1.7) to the generating functional (3.2.9), we

see that the 2-point function for the free scalar theory is given by Green’s function:

1 82Zy[J]

= _i ! L= . /N
ZolT] 7 @eI )|, ~ K@ =y) (3.2.15)

(Tlo(@)e(y)])o =

J—0

Exercise 3.3 (Wick’s theorem). The 2n-point function is given by summation over the pair

contributions,

<T[¢($1) T Cb(x?n)bo = Z (_i)nK_l(xh - $i2) T K_l(l‘ianl - xizn)

possible pairs

= Hf (-iK Yz —x;)), (3.2.16)

1<i,j<2n

where we define the Hafnian for the size 2n symmetric matriz, A;; = Ayj,

1 n
HEA = G%: HlAa(%—na(m)- (3.2.17)
o 2n 1=

We denote the symmetric group of the rank 2n by Goy,.

1. Verify this formula for the 4-point function,

(Tlp(z1) -+ d(za)])g = —K (w1 — 22) K Nag — 24) — K21 — 23) K~ (22 — 24)
— K Yz —x) K Y xy — x3). (3.2.18)

2. Show that the n-point function becomes zero for n € 27 + 1,

(T[p(x1) -~ Pp(xn)])g =0  for ne2Z+1. (3.2.19)
2We may regularize this infinite product by introducing the spectral zeta function,
s)=>_ T = 5. (=- > log i (3.2.12)
=1 v s=0 i=1

Precisely speaking, the infinite sum (Dirichlet series) converges for sufficiently large s, so that we should properly

consider the analytic continuation. Then, we obtain

10

Zo|J = 0] = exp <288

4(5)> - (3.2.13)

This is called the zeta function regularization scheme. In order to apply this regularization scheme, we assume

that the Dirac spectrum is discrete (the spacetime is compact or the field ¢ is well localized due to the potential).
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The formula (3.2.16) is called Wick’s theorem for the scalar field, which is graphically

expressed as follows:

(Tlo(x1)p(22)])o = ¢E2 = —ingl, (3.2.20a)
o | =
(T[p(x1)P(x2)p(x3)P(24)])g = P1P20304 + P1P2D304 + P1P2P304
= —K5'K3!' - KR'Ky — K KG (3.2.20D)

where we denote ¢; = ¢(z;) and Kigl = K Yz; — xj).

Exercise 3.4 (Momentum space representation). The integral representation of the delta func-

tion is given as

5@ (z) = / éjf;d e iPT (3.2.21)

1. Show that the propagator given by

dp  e~ip(@—y)
HTlp(@)e(W)])g = K~z —y) = _/ (;iﬂz))d - i - (3.2.22)

obeys the relation (3.2.10).

2. Denoting

2. The parameter € is introduced to avoid the poles of the integrand at p> = m
p = (po,P), these poles are at p§ = p* + m? =: Eg. We shift the pole by po = £(E, — ic),

which is equivalent to taking the po-integral contour

[P0
B N\ (3.2.23)

(@(@)o(y))o (20 > 1o)

(Tlp(x)o(y)])o = (3.2.24)
(@(W)o(x))o (2o <o)
where the two-point function is given by
dPp e-ir(@—v)
(o(x)o(y))o = / @OP 2B, (3.2.25)
3.3 Free Dirac field

We then turn to the Dirac field with the Lagrangian,

Zo = P(iv*0u —m). (3.3.1)

The corresponding generating functional is given by

Zolm,n) = /DMM exp (i/ddx (¥ (@) (19" 0 — m)y (@) + 7(2)(z) + w(x)n(m))) , (33.2)

where (n(z),7(z)) are the external spinor source fields. In the path integral formalism, the

spinor fields are described by Grassmann numbers.
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Exercise 3.5 (Gaussian integral of the Grassmann variables). Define the Pfaffian for a skew-

symmetric matriz of size 2n, A;; = —Aj;,

1 n
PfA= Z (-1)7 HAU(Zifl)a(Zi) ) (3.3.3)
i=1

where Gay, is the symmetric group of the rank 2n, and (—1)7 is the signature of the permutation

0.> The square of the Pfaffian is given by the determinant,

(PfA)? =det A. (3.3.4)

1. Derive the expressions of the Pfaffian forn =1,2,

PfA= A12 (n =1
= A1pA3q4 — A13A24 + A14 423 (n=2) (3.3.5b)

and verify the relation (3.3.4) for these cases.

2. Based on the integrals of Grassmann numbers defined in Sec. 2.5.4, verify the Gaussian

integral formula for n=1,2,

2n
1
/d01 cdfexp | 5 Y 6iAib; | =PrA. (3.3.6)
3,7=1

3. Using the formula (3.3.6), show the complex version of the Gaussian integral

/d01 65 -+ db, dbexp [ — > 67 Aij0; | =det A. (3.3.7)

1,j=1

We remark that there is no restriction to the matrix size for the complex case.

Using the Gaussian integral formulas, the generating functional is given as follows:

ZO[’F/a 77] _ . B _
Zolmn=0] P <_1/ddxddy () Kp' (z — y)n(y)> , (3.3.8)

where Green’s function is defined as the inverse of the integral kernel for the Dirac field, also

called the Dirac operator,
Kp(x —y) = (iv"0, — m)6 D (z —y). (3.3.9)

The zero-source part of the partition function is given by the functional determinant similarly
to (3.2.14),

Z()[ﬁ, n= 0] = det(iKD) . (3.3.10)

Starting with the Majorana spinor, instead of the Dirac spinor, the partition function is replaced
with the Pfaffian of the Dirac operator, Pf(iKp).

3We remark the similarity with the Hafnian (3.2.17).
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Correlation function

We can compute the correlation function similarly to the scalar field theory. The 2-point function

is given by

<T[1[)(x)@5(y)] >0 = iKBl(x —y). (3.3.11)

We remark that, since the spinor field consists of several components, 1) = (1)), the 2-point
function is a matrix-valued function as well as the Dirac operator Kp. In general, n-point

function is given by Wick’s theorem:

(T(x1)p(x2)] ), = @b:z‘)'g =Ky, (3.3.12a)
— — .. . ,,_l .
(T[w(1)(z2)¢(x3) P (24)] ), = 1/1'1_¢|2¢,3_1/J|4 + Y1921h3thy
=K' K3 — KKy (3.3.12b)

_ N
where Kigl = Kgl(xi — x;). In this case, the contraction between 1; and ¢; (¢; and v;), Vv,

does not contribute to the correlation function.

3.4 Interacting field

We consider the interacting field theory based on the free field description discussed above. We
start with the following identity,

f(—i;]) Z0l) = [ Do (6)ex (i [ 0,00 + J<x>¢<x>>> - (3.4.1)

Applying this identity, we obtain the generating functional in the presence of the interaction

term Zne(¢9),"

Z[J] = /Dd) exp (i/ddx (ZLo(d,00) + Lt () + J(w)cb(x)))

—exp (i [ d9% | L L0 ZolJ]. (3.4.2)
/ 6J(x)

In the operator formalism, this expression corresponds to the interaction picture, while the

previous one (3.1.5) is based on the Heisenberg picture.

In order to apply the perturbative expansion, we discuss an alternative expression of the

generating function. Recalling the expression for the free part of the generating function (3.2.9),

We assume that the interaction part of the Lagrangian does not contain the derivative terms, d¢(x), for

simplicity. In general, we can also incorporate the derivative terms. See, for example, Chapter 5.
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the full generating function is given by
=g ([ (45 )) )zt 2

— oxp (i/ddx ( mt( 'wix ) ) exp <1 Az dy J () K~ (2 — y)J(y))

oo (i [ 2 (2 (5i575)))

X exp <—; /ddwddy Mf(x)f( Y — y)5¢6(y)> exp (i/ddx J(m)gb(x))

$=0
= exp (—; /ddsv ddy &;(x)K_l(x - y)(5¢(5@)>
X exp (i ddz .i’int(gb)) exp (i ddz J(x)¢(:t:)) (3.4.3)
/ /
Exercise 3.6. Verify the formula
i 0 0
e (=4 [Cotty ok e ng ) o) —aoel, B4
TRt sow) ", ’
for
0 = ¢(w1)- - dlon), (3.4.5)
which reproduces the n-point function (3.2.16).
With this formula, we obtain the following expression for the generating function,
g = (e (i f s (Gute) + 1ot ) |) (3.4.60)
- (o )], (e e 1)),
(3.4.6b)

The reason why we normalize it by Z[J = 0] is to subtract the vacuum contributions. If

the interaction part of the Lagrangian contribution is sufficiently small, one can evaluate the

generating function with the following expansion®

e (i [ @ (Gaulo) + T0)0(2) )

i / A4y - A% Bt (D(21)) - - Lot (D(2m)) exp <i / ddxj(x)¢(x)>. (3.4.7)

We can apply the same analysis for the Dirac field,

Z[n, 7] — oo [ —i [ ddz g 0 0
Zolnn=0] p< /e T oo y)aw@))

co ([ % (a5 ) @) + i) -

This is a starting point of the perturbative analysis for the interacting field theory.

(3.4.8)

5 Although this gives an asymptotic expansion, which does not converge in general, one can obtain very high-

precision results for several theories.
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3.5 Feynman rule

3.5.1 Scalar field theory

Let us demonstrate the perturbative expansion (3.4.7) with the ¢*-theory (2.4.1), as an example.
In this case, the interaction term is given by

A
4l

The parameter A is called the coupling constant, which characterizes the self-interaction (non-

Liut(8) = —20(a)". (3.5.1)

linearity) effect. From this point of view, (3.4.7) is an asymptotic expansion with respect to the

coupling constant A, so that we should assume that it is sufficiently small.
For example, the two-point correlation function is given by the functional derivative of the

generating function,

-1 82z[J]
Z[J] 5J<21)(5J(Z2)

(T(p(21)d(22)]) =

J—0

LS T [ (T (o) - L) x Sl20)62)]

m=0

=S o [t B (Do) dn) o)ol)]), - (352)

This shows the expansion of the full correlation function with the bare correlation function (the
correlation function of the free theory). This can be evaluated with Wick’s theorem discussed

in Sec. 3.2. The O(\) term is given as follows:

4 i i M V_’——V’
(T[¢" - ¢192]), = dddG - P12+ ddd - 12 . (3.5.3)
We see that there are two kinds of contributions to the two-point function. One can apply this

formalism similarly to higher-point functions, but it seems more involved.®

Instead of applying Wick’s theorem, we introduce the Feynman rule to evaluate the cor-

relation function:

Propagator: z Y = —iK Y (z —1) (3.5.4a)

Vertex: >< T = —i)\/ddx (3.5.4b)

In this formalism, the O(\) contribution (3.5.3) is graphically given by (but we do not yet

integrate the variable z1)

(T[p(z1)* - d(z1)p(22)]), = 1 + }( . (3.5.5)

o ————O
21 Z9 21 xTq 22

Then, apparently the first one is a disconnected diagram, which will be subtracted in the end.
The second term has an interpretation as an amplitude from z; to z9 with interaction at the
point z1, which will be integrated out to take into account all the possible configurations like
this.

®The O(A?) contribution is given by ten field insertion in total, (T [¢(z1)* - d(z2)* - ¢(21)e(22)] >0.
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Exercise 3.7 (Two-loop contribution). Draw the Feynman diagrams appearing in the O(\?)
contribution (T[p(x1)* - ¢p(a2)* - d(21)d(22)] >0, which correspond to the contractions,

i e L \ i ! [
PP - pPpdP - P12, PPPP- PPOP - pr1d2,  GPPP - PPPP - P1P2 . (3.5.6)

One can similarly formulate the Feynman rule in the momentum space. In this case, we

should impose the momentum conservation at each vertex.
i
Propagator: = - 3.5.7a
pag p p? —m? +ie ( )

Vertex: >.< = —iA (3.5.7b)

3.5.2 Dirac field theory

Let us consider the perturbative expansion for the fermionic field theory. We now consider the

Yukawa interaction as an example,

Lint = —gPo . (3.5.8)

Since we have both the scalar field and the Dirac field in this case, we have accordingly two
propagators,

i
B i tor: T T T = — 3.5.9
osonic propagator P e ( a)
i(p+m
Dirac propagator: D = L (3.5.9b)

p? —m? +ie

Vertex: > - = —ig (3.5.9¢)

In this case, the fermionic propagator is oriented. For example, the two-particle scattering

W Y
>< s
G (8

Identifying the scalar field as a scalar meson, the Dirac field as quarks, such a process is inter-

process is described by

preted as meson exchange process, which plays an important role in the nuclear interaction.

Another example is the electromagnetic interaction,

Ly = ey P A, (3.5.11)
with the diagrams,
: AAAAAA G
Photon propagator: 1L voT it (3.5.12a)

Vertex: >/w U = ey, (3.5.12b)

39



Since the photon field A, has the vector index p, we should specify it in the diagram. For
example, one can derive the Coulomb interaction between the electrons from the diagram in the

non-relativistic limit:

<
<

(3.5.13)

Y (&

Exercise 3.8 (Fermion and photon propagators).

1. Derive the momentum space representation of the fermion propagator (3.5.9b) from the

Dirac Lagrangian (2.5.15).

2. Derive the photon propagator (3.5.12a) in the Lorentz gauge 0, A" =0 from the Mazwell
Lagrangian (2.6.13).

3.6 Effective action

The generating functional (3.1.5) is a functional depending on the external field J(z). We
introduce another functional, that is called the effective action from the Legendre transform

of the generating functional for the connected part (3.1.10),

NMzWM—/ﬂN@W@- (3.6.1)

Recalling the definition of the generating functional (3.1.5), I'[¢] agrees with the action S[¢] in

the classical limit,

2] = W] x iSlelH [ J@)o() (3.6.2)

From the functional derivatives of these functional, we obtain

SW[J] oT'[¢]
6.J (x) 5¢(x)

Since we will take the limit J — 0, we will obtain 6I'[¢]/d¢(x) = 0, which is interpreted as an

“effective” version of the Euler—Lagrange equation. The second derivatives are

= ¢(z), =—J(x). (3.6.3)

W 6e(x) | S6(y) Prl] o) 8
ST@sIy) o) 6@ @) - ety selw) v (364
which yield the relation
o PWUL ST [ 060
/ Y 7@ () 50(0)00(2) / T S se) ~ 0 @A) (3.6:5)

Namely, the functional Hessian of the effective action is the inverse of that of the generating

functional, which gives rise to the connected two-point function in the presence of the external

source,

= X"Na,y) = (T[B()o®)])c., (3.6.6)



In order to understand the role of the effective action, we further take a functional derivative

of (3.6.5) with the external source J(w), which gives rise to

[ BWIJ| 5T @)
0= / Y T @)67 ()57 (w) 56(0)36(2)
d ad 52W[J] 53P[¢] 6¢(w’)
i / Ty S T 2)5.7(9) 50(9)00(=)00(a) 8.7 (w)

B SWJ]
= [ st <

o vt (X ) (X ) e Ge)
Therefore, we obtain
SWJ]
57(2)07 ()87 (2)
= [ dtodt e (X ) (X ) (X ) O (369
We denote the connected n-point function by
(n-legs) . (3.6.9)

We remark the connected two-point function is given by X' = —)—. Then, the relation

(3.6.8) implies that the connected three-point function has the following decomposition:

>:>7 = }% (3.6.10)

where the blue symbol shows the one-particle irreducible (1PI) diagram, which cannot be

split into two diagrams by removing a single line. For example, we have

;; € 1PI \/ \/ ¢ 1PI (3.6.11)

Exercise 3.9. Show that the effective action is a generating function of the 1PI n-point functions

by induction (We already show it is true for n = 3).

In particular, the 1PI two-point function —i¥ := —)— is called the self-energy. In fact,

the connected two-point function is given by the series of the self energies:

{% = 4+ + + # + - (3.6.12)
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In the case of ¢*-theory, we have (¢(z1)¢(x2)). = (p(x1)p(x2)) (see Sec. 3.1). Hence, in the

momentum space, this series is given for the scalar field theory (3.5.7a) by

i i

/ 9z e (T[g(2)¢(0)))

- iY(p?)
p2—m2+is+p2—m2+is p? —m? +ie
i
Cp2—m2—%(p?) +ie’

(3.6.13)

Namely, the self-energy gives the shift of the mass parameter. A similar expression is also

possible for the Dirac field propagator.
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Chapter 4
Loop correction and renormalization

We have introduced the path integral formalism to quantize the field theories. In this Chapter,
we actually calculate the correlation functions and see how to deal with the diverging integrals
often appearing in the calculation. We then introduce the notion of the renormalization and

discuss its physical consequences.

4.1 Scalar field theory

We consider the scalar field theory to demonstrate how to calculate the correlation function.

The spinor field would be treated in a similar manner.

4.1.1 Two-point function

As discussed in (3.6.13), we need to evaluate the self-energy ¥ to compute the connected two-

point function. At the one-loop order, we have a single contribution

k
a2 — \/ i A% i
(p7) = — = /( (4.1.1)

2m)4 k2 —m? +ie

The factor 2 is due to the symmetry of the diagram. We remark that this expression does not
depend on the external momentum p, which is a specific feature of the one-loop diagram. In

general, the self-energy depends on the external momentum.

In order to evaluate this integral, we change the contour (3.2.23) as follows:

- ‘ 2\, — —Ek T (4.1.2)

_/ ‘ +E, | +E),

This contour change corresponds to ko — iko, therefore k* = k3 — k2 — —k2 - k2 =: —k‘%, which
is the (minus of) norm with the Euclidean signature. This prescription is called the Wick
rotation. Hence, we obtain

A [ A% 1 A [P Qe K
sp) =2 S 2 A gy S 413
v°) 2/(277)0' k2 +m? 2/0 2m)d k2 +m?2’ (4.13)
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where d9%p = Qq_1k9! dk with Qg the volume of d-sphere S¢ of radius one.
Exercise 4.1 (Dimensional regularization).

1. Derive the volume of d-sphere S9 of radius one,

27Td/2
OV p— 4.1.4
so that
0 =2r, Qy = 4rr, Q3 =272,  ete. (4.1.5)

Hint. One may derive it from the relation

o
/ Qg e~ (it tag)? :/ ddze :Qd_l/ drrd=te " (4.1.6)
R Rd 0

together with the Gaussian integral (3.2.3) and the integral formula of the gamma function

I'(s) = /oo dtt* e, (4.1.7)
0
2. Derive the formula
% ko AT (—a/2+4 8- 1/2)T (/2 + 1/2)
/0 dk 2+ A%p 5 () . (4.1.8)

Hint. Use the variable x = A%/(k? + A?) € [0,1] and the beta integral formula

' [(a)I'(b)

B(a,b)= [ dea®'(1-2)'=——"—2. 4.1.9
@b) = [ arar -t - GO (119)

3. Derive the one-loop expression of the self-energy,

A md—2 d

Sp*)=S—sT(1-2). 4.1.10
) =5t (1 5) (4.1.10)
As discussed in Sec. 1.3.3, the mass dimension of the coupling constant is [\] = 4 —d, so

that we shift A — A\p*~¢ with [u] = 1 in order that the coupling becomes dimensionless. Then,

the self-energy becomes

Am? W\ 4—d d
2\
=0%) = st a () F<1_2>' (4-1.11)

This parameter p will play an important role in the discussion of renormalization group in
Sec. 4.3.

In fact, the gamma function I'(z) has poles at —n € Z<( with the residue

Res I'(z) = (=1" : (4.1.12)

2=—n n!
so that the self-energy diverges for even dimensions larger than two. This behavior is now
known to be an artifact of the dimensional regularization scheme, which only cares about the
logarithmic divergence [Lei75, BM77]. In order to see this behavior, we consider more intuitive

regularization with the parameter A, called the cutoff,

AN Qg k9
2(p?) = lim = —.
(v°) ! /0 dk (2m)d k2 +m?

(4.1.13)
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We remark that the cutoff in the momentum space may be written using the lattice spacing
discussed in Sec 1.3, A ~ 27 /a. This cutoff regularization is more intuitive than the dimensional
regularization. However, it is not suitable for gauge theory since the dimensionfull parameter A

violates the gauge symmetry, and thus the dimensional regularization seems better in this case.
Exercise 4.2 (Cutoff regularization).

1. Verify the expression

A d—1 d 1 2 \ 1
Qq_ =k2/A%2 AA? Qq_ A
S(p% A) ::)\/ qi a1 k t=k> /A% A d 1/ dttd/2_1<1+m2t> .
0 0

2 (2m)d k2 + m? 4m? (2m)d
(4.1.14)
2. Show
) a~ ' —a?log(1+ a) (d=14)
/ dttY?* 1+ at) " = 207 — 2073 2 tan " (a!/?)  (d = 3) (4.1.15)
0
a"log(1 + a) (d=2)
and evaluate the self-energy for d = 2,3, 4.
3. Using the integral formula of the hypergeometric function
F a,b. ttbl _ \c—b—-1 1— 24)" @
21(0 ) F(bI‘(c—b/d 2T (=2t
00 a) b n—1
=Y e @e=Ile ). (11.16)

n=0 j=0

for Re(c) > Re(b) > 0, show that the cutoff dependent self-energy for generic d is given by

A AT Qg 1,d/2 A?
2dm? (2m)d 2" '\d/2+1 m?

(% A) = (4.1.17)

4. The convergence radius of the expansion (4.1.16) is |z| < 1. Using (or deriving) the relation

L (a,cb; z) Ebgll:g ; (—2) % F <a,11++aa_—bc; z_1>
F(C)F( ) _ bl+b—c _

expand the self-energy with the parameter m?/A? < 1 to show

Y(p?% A) =~ AY"2 + lower terms. (4.1.19)

4.1.2 Four-point function

We consider the one-loop contribution to the four-point function:
p1 P4
P2 p3
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The first one-loop diagram shows

k (—i))?2 / ddk i i
2 2m)9 k2 —m2 +ie (p12 — k)2 —m2 +ie
pr2 —k
iN2 [ dd%kp 1 1

- 2 = iAVa(p? 4.1.21
> | G Rt (e — R VApz) (4.1.21)

where we denote p1a = p1 + p2. Other diagrams are given by replacing pis with p15 = p1 — p3

and p14 = p1 — p4, respectively. They are also denoted using the Mandelstam variables,

(PT2: i3 PTa) = (5,8, 0). (4.1.22)

Exercise 4.3 (Vertex function for the four-point function).
1. Show the following formulas:

(a) Schwinger parametrization

1 1 °
— =—— [ dtt" e 4.1.23
Ar  T'(n) /0 ¢ ( )
(b) Feynman parametrization
1 ! 1
—_— = dx 4.1.24
AB /0 (Az + B(1 —z))? ( )

2. Verify the formula

1 ddk 1 1
Vi(p*; A) = — /k - 2

2 (2m)d k2 4+ m? (p — k)% + m?
/ da:/ dkp kE+A2) - (A% =m® + 2(1 — z)p?)
A Qy » 4o A2\ 72
=— A /7114 — 4.1.2
> (%)d/o arat | att ( +A2t> , (4.1.25)

and

. a2log(l14+a) —a (14 a)™? (d=4)
/0 A2 1+ at) 2 = {032 tan (a2 —a {1+ a)" (d=3) (4.1.26)
(1+a)™? (d=2)

Then, derive the vertex function Vi(p?; A) for d = 4,

Vi(p*; A) = # /Oldx [log (1 -~ f;) (1 + ﬁ)_l] ;o (d=4). (4127

Similarly derive the expression for d =2, 3.

3. Show that the vertex function (4.1.21) is given by
I'(2-d/2) /1 d-4
Vip*) = —— = | daAdt. 4.1.28
4(p ) 2(47T)d/2 0 €z ( )
Hint. Use the variable z = A?/(k*4+A?) € [0, 1] and apply the beta integral formula (4.1.9).
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4. Using the infinite product formula of the gamma function

L(z)7 ! = 2e? ﬁ ((1 + %)e_z/”> , (4.1.29)

with v Euler’s constant, derive the expansion
1
I'z)==-—74+0(2). (4.1.30)
z

5. Let d =4 — €. Then, verify the formula
1 [2 ! A?
2
=—=|-—7v- 1 — . 4.1.31
Valr') = 555 L g /0 dz 0g<4ﬂ>} (4.1.31)

4.2 Renormalization

We have seen various diverging behaviors of the loop integral. In order to provide a physical
prediction from them, we have to regularize such divergences. The renormalization is a sys-
tematic scheme to extract a physically meaningful quantities from the diverging integrals. As
seen in the previous computations, the mass and the coupling constant receive the quantum cor-
rection. Since we would observe the total quantities including all the corrections in experiments,
the bare mass and the bare coupling constant appearing in the original Lagrangian are formal
parameters, that would not be observed in the end. The idea of renormalization is to absorb

the infinities by unobserved quantities.

4.2.1 Counter terms

For the ¢* theory, we denote the bare and physical parameters by (mg, Ao) and (m, ). We
similarly denote the bare field by ¢¢. Hence, the Lagrangian of this theory is given by

1 1 1
& = 50u00" b0 — §m8¢3 — IAoqbé. (4.2.1)
We rewrite this Lagrangian in terms of the physical parameters and the rescaled field,
1/2
00=2,"0, (4.2.2)
as follows:

1 1 2 2 1 2 4

1 1 1
_ w242 4
5 Oug0"d = gmig" = A9
1 1 1
+ 552¢au¢aﬂ¢ — §5m¢>2 - Idws‘* (4.2.3)

where the terms appearing in the third line are called the counter terms to absorb the infinities
with

0z, =25—1, Sm = miZs —m?, Oy =XoZi— \. (4.2.4)

The physical mass is defined as the pole of the propagator, while there is no unique definition

of the physical coupling constant. A standard one for the latter case is to use the four-point
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function with the momenta p; = (m,0,0,0) for i = 1,...,4, equivalently s = 4m?, t = u = 0 in
the Mandelstam variables (4.1.22),

4@7 = m + regular terms, (4.2.5a)

= —i\ at (s,t,u) = (4m?0,0). (4.2.5b)

These give a renormalization condition for the mass and the coupling constant.

In addition to the propagator and the vertex (3.5.7), we introduce the Feynman diagrams

for the counter terms,

— @ = (07, 0n) (4.2.6a)

= —idy (4.2.6b)

We demonstrate how to compute the two- and four-point functions with these diagrams in the

following.

4.2.2 Two-point function

As shown before, we need to evaluate the self-energy to compute the two-point function. By
definition of the physical mass, we obtain from (3.6.13) the renormalization condition,

2 (p?) =0,

p?=m? dp?

=0. (4.2.7)

p2=m2

The one-loop contribution to the self-energy with the counter term is given by

k
—i%(p®) = _QL + . +
p p
—ix [ d9%k i g
2 / (2m)d k2 — m?2 +ie +i(p"0z, = Om)
(4.1.10) —iA md~2 o

Since the first term does not depend on the momentum p?, we obtain

A md72

5Z¢:07 5m:—2w

T(1-d/2). (4.2.9)

Namely, the divergence of the loop integral is cancelled by the counter term.
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4.2.3 Four-point function

We compute the four-point function at the one-loop level. In addition to the contributions (4.1.21),
we then have the counter term contribution (4.2.6b). The total contribution to the four-point

function at this level is given by

= DI ) Vi) — i+ (4.2.10)

r=s,t,u
Putting (s,t,u) = (4m?,0,0), we obtain
6y = A?[Va(4m?) + 2V4(0)], (4.2.11)

which absorbs the divergence of the vertex function.

4.3 Renormalization group

We have imposed the renormalization condition with the physical mass (4.2.7). This is very
natural, but not unique way to subtract the divergences. In fact, since the condition (4.2.7)
becomes singular for the massless case m = 0, we should modify the condition. Hence, we now

impose another renormalization condition,

2 (p? =0, =0, 4.3.1

o). T (4.3.1)

where the parameter y is called the renormalization scale. The reason why we put p? =
—pu? < 0 is to avoid the singularity appearing at p?> > 4m?. We impose similarly to (4.2.5), but

more symmetric condition for the four-point function,

= —i\ at pi=—p*, i=1,...,4. (4.3.2)

Since the renormalization scale p can be an arbitrary parameter, the bare correlation function

does not depend on it.

We consider the connected n-point function evaluated with the renormalized coupling A,
which depends on p. Recalling the scaling relation (4.2.2), we have the relation to the bare

correlation function,

Gulwr, . o o pr) = (T[o(1) - dlan)))e = Z, "> (Tldo(ar) -+ dolan))en - (433)

Since the bare correlation function contains infinities, we impose the cutoff A to regularize it.
Furthermore, the bare correlation function does not depend on p, so that its dependence appears
only through Z4 on the right hand side. The independence of the bare correlation function on
the renormalization scale (namely, under fixing A\g and A) gives rise to the renormalization

group (RG) equation

0 0
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where we define the beta function and the anomalous dimension,

L

oA

oA 0log i

1 0logZ,

~ 10log Zy
la o

A =
BN A 2 Olog i

o) (4.3.5)

)\0 :A )\07 )\Q,A

The beta function provides important information about the coupling constant, while the anoma-
lous dimension describes the deviation of the operator dimension from the classical value, which
is called the canonical dimension. In particular, at the zero of the beta function, S(A.) = 0,
the coupling does not depend on the renormalization scale p, which implies that the theory
becomes scale invariant. Hence, the zero A, is called the fixed point of the RG flow. Such a

scale invariant theory also exhibits conformal symmetry (in many cases), so that it is described
as conformal field theory (CFT). See (2.3.33).

Exercise 4.4. Verify that A = 0 is a fized point. (In particular, the beta function starts with
an O(\?) term.)

Let us discuss several situations for the beta function. The first is the beta function mono-

tonically increasing/decreasing,

B(A) BN

(4.3.6)

IR
68>0 8<0

Since the renormalization scale p characterizes the energy scale of the system, p > 1 and
p < 1 correspond to the ultraviolet (UV) and infrared (IR) regimes, respectively. Hence,
for B > 0, the IR fixed point theory is a free CFT. For 8 < 0, on the other hand, it becomes a
strongly /weakly coupled theory in the IR/UV regime, which is known as the asymptotic free.
Typical examples for the asymptotic free theory are non-Abelian gauge theory in d = 4 and

non-linear sigma model in d = 2.

If there is a fixed point at A, # 0, it behaves as follows:

(4.3.7)

Depending on the slop of the beta function at the fixed point, we obtain non-trivial CF'Ts in the
UV/IR limit.

50



Chapter 5

Quantization of non-Abelian gauge

theory

In Sec. 2.6.4, we have introduced the vector field transforming under the simple Lie group G.

In this Chapter, we discuss how to quantize G-gauge theory based on path integral formalism.

5.1 Gauge fixing

We consider the path integral quantization of the gauge theory with the YM Lagrangian (2.6.42),

/DAexp [i/dx.i”YM(A)] . (5.1.1)

This naively defined path integral is problematic in the following sense: As discussed in Sec. 2.6.4,
the YM Lagrangian is invariant under the gauge transformation (2.6.31). Hence, the path
integral measure DA over counts the configuration, and we should instead consider that for the
conjugacy class DA, = DA/DU, where DU is a product of the Haar measure over G at each
spacetime point z. In order to deal with this issue, we may use the gauge fixing trick: We
restrict the gauge field configuration to that satisfies the gauge fixing condition, e.g., Coulomb

gauge V - A" = 0, Lorentz gauge 0" Aj, = 0.
Exercise 5.1.

1. Verify that

/dx I(f(x) —c) = / C}J,C(S(f —c) = f’(la:*) s.t. f(zs) = c. (5.1.2)

2. Show the n-dimensional generalization,

/d"x5<n>(f(f)_5): det <afi(f*)>_1 st f(T) =¢. (5.1.3)

1<i,j<n Ox;

We consider the functional generalization of these formulas,

1= / DO 5(F(A)) det (51;(;4)> (5.1.4)
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where § = (0%)4=1,.._dim ¢ Parametrizes the group element U € G as in (2.6.32), and D@ is essen-
tially the Haar measure DU in the f-coordinate. We set f(A) = 0" Aj; — f¢, which imposes the
generalized Lorentz gauge, 0" A}, = f. From the infinitesimal gauge transformation (2.6.38b)

in the vicinity of the configuration f(A) = 0, we obtain

det (M;(f)) = det (9"D,,) (5.1.5)

which is called the Faddeev—Popov (FP) determinant. We remark that this functional
determinant is evaluated with the gauge field configuration satisfying the gauge fixing condition
f(A) =0.

Inserting the identity (5.1.4), we obtain the gauge theory path integral,
= / DA.DE e IAI5(£(A)) det (9#D,,) / DASY™MIAS(f(A))det (9*D,) . (5.1.6)

Here it does not depend on the parameter f®. Then, we further insert the following identity

operator to care about the delta function factor,

1—/Dfexp[/dx (—f“ )fa(x))], (5.1.7)
such that

- /DADf(S(@“AZ — %) det (9" D,,) exp [i/d:v <$YM( ) — —gf“( )f“(fﬂ))]

= /DA det (8"D,,) exp [i/dx (.,%YM(A) - —5(8‘24 u(2)) )} : (5.1.8)

Such a prescription by adding the gauge symmetry breaking term to fix the gauge degrees of
freedom is called the method of R; gauge. In particular, the case with £ = 1 is called the
Feynman gauge, and £ = 0 is called the Landau gauge. Furthermore, there is another equivalent
description without explicitly introducing the gauge breaking term. Using a modification of the
identity (5.1.7),

1= /DBDfeXp [i/da} <Ba(x)fa + gBa(x)Ba(x))] , (5.1.9)
the path integral becomes
= /DADB det (0" D,,) exp [i/dx <$YM(A) + BYO" A, + gB“B“)] . (5.1.10)

The auxiliary field B® introduced here is called the Nakanishi—Lautrup field. The remaining
part to be managed is the FP determinant in the path integral. Using the functional analog of

the Gaussian integral of the Grassmann variables (3.3.7), we may write it as follows,

det (9"D,,) = / DeDé exp [i / da (iE“@“DMc“(J:))} . (5.1.11)

These Grassmann scalar fields, ¢* and ¢, are called the FP ghosts, which in fact violate the
spin-statistics theorem (spin-0 fermionic fields), and therefore it may violate the unitarity as

well. Combining all these contributions, the path integral is now written in the following form,

= /DADBDCDC exp [i/dxéftot(A,B,c, c)} (5.1.12)
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where

Ziot(A, B, c,e) = LAi(A) + Zar(A, B) + Lep(A, ¢, e) (5.1.13a)
Zar(A,B) = B"9" A% + gB“B“ : (5.1.13b)
Zrp(A, c,¢) = 10" D, c*(x) = —i0*e* D,y (z) (5.1.13c)

Since there is no derivative term for the auxiliary field, the equation of motion simply yields,

0Lar

S = OMAL 4 EBY — B =—¢ oA

1

= A
CF | oshell 2&

(orA2)? (5.1.14)

which reproduces the expression (5.1.8).

5.2 BRST formalism

Apparently, there is no gauge symmetry after gauge fixing. However, instead of the local gauge
symmetry, one can instead discuss the global symmetry, called the BRST symmetry, which

is interpreted as a remnant of the original gauge symmetry.

5.2.1 BRST transforms

We replace the local gauge transform parameter with the ghost field:
0%(z) — ec(x). (5.2.1)

Since ¢*(z) is a fermionic field, the transformation parameter ¢ must be also a Grassmann
variable. Then, we define the BRST transformations by replacing the gauge transforma-
tions (2.6.38) as follows:!

Oni() = ige (@) ()5 () . (5.2.2a)
S AL (x) = <8Mca(az) g f“bcAZ(x)cc(:L’)> = D,c*(x) (5.2.2b)

where we shift 0%(z) — ¢g6%(x) from the convention of (2.6.38), and we call g the BRST

operator. Let C(z) = ¢*(z)t*. Then, we instead have the matrix version of the transformations,

opo(x) =igC(z)o(x), (5.2.3a)
BAu(x) = 0,C(x) +ig[Au(x),C(x)]. (5.2.3b)

Since dp is now a fermionic operator, it must be nilpotent when it acts on the fields,
63 =0. (5.2.4)

This property determines the transformation rule of the ghost field ¢*(z).

n fact, g is a spin-0 fermionic operator, which transforms physical fields (¢, A,,) to ghost fields ¢*. If we in-
stead introduce a spin—% fermionic operator, it transforms physical bosonic fields to physical fermionic fields (1, ),
and vice versa. Such a symmetry between physical bosonic and fermionic fields is called the supersymmetry.

See, for example, [WB92, Wei95] for details.

93



Exercise 5.2 (The BRST transform of the ghost field ¢*(x)).
1. Verify that
050(z) = ig[(65C(x))é(x) — C(a)(igC(z)¢(x))] (5.2.5)
2. Then, show that the ghost field transforms as follows:

0pC(x) =igC(x)C(x). (5.2.6)

3. Derive that for the component,
Spc®(z) = —g Fog® () (z) . (5.2.7)

4. Verify the nilpotency on the gauge and ghost fields,

6FA, =0,  §3C(z) =0. (5.2.8)

In addition, the anti-ghost field behaves under the BRST operator as follows:

dpc®(x) =iB*, (5.2.9a)
opB%(z) =0, (5.2.9b)

which yields 63 = 0 again.

5.2.2 BRST charge

Since the BRST symmetry is a global symmetry of the system, we can apply Noether’s theorm

to construct the conserved charge as discussed in Sec. 2.3.2.

Exercise 5.3 (Noether current for the BRST symmetry). Applying the formula shown in
Sec. 2.53.2, derive the Noether current associated with the BRST symmetry, that we call the
BRST current,

0L 0.Z 1 0%
Ho_ DY = a b d ic B¢
5= 5@, T 8<auca>< Ve ) T 9@
— €| B*DHc® — (0*BY)c* + %gfbca(af‘éa)cbcd — aﬂ(Fcha)} . (5.2.10)

We remark that the BRST current Jl itself is fermionic, so that the combination eJ is bosonic.
Using the BRST current, we define the BRST charge

Qp = /dD:c JB (5.2.11)
which generats the BRST transformation,

ie@B, (z)] = edpp(z). (5.2.12)

54



5.2.3 BRST cohomology

In the Lagrangian (5.1.13), the ghost and anti-ghost appear as a pair, so that it is invariant

under the following transformation,
(c*,e") — (e"c*,e7"cY). (5.2.13)

Since they are real fields, this is not a phase rotation, but a scale transformation (non-compact

U(1) symmetry).
Exercise 5.4 (FP ghost charge).

1. Applying the discussion in Sec. 2.5.2, derive the Noether current associated with the scale

transformation (5.2.13),
JE =1i(c"DHc* — (0%¢%)c?). (5.2.14)
2. Show that the FP ghost charge defined
Q.= /dDaz JY = i/de (EaDoca - (805“)0“) , (5.2.15)
generates the scale transformation (5.2.13),
iQc, ()] = c*(x),  [iIQe,c"(2)] = —¢"(). (5.2.16)

We may assign the ghost number to each field,

0 +1 -1

Ghost number
(5.2.17)

(]

Fields ¢, A, B c®, op

In fact, the ghost number operator is given by the FP ghost charge, N, := iQ).. Due to the

nilpotency of the BRST operator, we define the BRST complex,’

9Bl @BL0 @By o1 @B, (5.2.20)
where CP denotes the sector with the ghost number p. Then, we define the BRST cohomology
Hp =kerQp/imQ@p, (5.2.21)

where ker p and im Qg are given by

@B ) =0, ¥) € ker Qg (5.2.22a)
W) =Qs|Y), ) €imQp. (5.2.22b)

2We can also introduce the anti-BRST operator having ghost number —1 and mapping from C? to C?~! as

follows:
Qs = Crp Qs Crp, (5.2.18)
where we denote the FP conjugation operator by Crp,

Crp : ¢ — ct — =", B* — —-B". (5.2.19)
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Apparently, im Qg C ker Q. This is why one may consider their quotient to define the coho-

mology. We remark that any state in im Qp written as |¢)) = Qp |¢)') has zero norm,

(W) = (Y| Qs |¢) =0. (5.2.23)

This is an important property that ensures that unphysical states and the ghosts are not phys-
ically observed in the BRST formalism [KO79].

5.2.4 Lagrangian in the BRST formalism

Let .#%(¢, Ay, B, c,¢) be an arbitrary function of the fields with ghost number zero. Then, we
add the following term to the Lagrangian

ZGF—}—FP = —i(SB(ana) . (5224)
From the nilpotency of the operator 6% = 0, we see that it is BRST invariant,
SBLarirp = —105(¢*F*) =0. (5.2.25)

Recalling the original YM Lagrangian is gauge invariant, the total Lagrangian % is also BRST
invariant, g%t = 0. Therefore, although the original gauge symmetry is broken due to the

additional term ZGpyrp, the current system instead has the BRST symmetry.
Exercise 5.5 (Gauge fixing and FP terms).

1. Show that, if F® does not contain the ghost and anti-ghost fields, it gives

D%GF+FPZ Baya—kiéa((sgfa) =: Lor+ ZLrp. (5.2.26)
2. Put
F= ghAC 4 gB“ . (5.2.27)

Then, verify that it reproduces the Lagrangian (5.1.13).

If % contains the ghost fields, there will be non-linear terms of ¢* and ¢” in the Lagrangian
ZcrirFp, S0 that we cannot integrate out the ghosts to obtain the FP determinant. In this

sense, the BRST formalism is a genaralization of the FP gauge fixing formalism.

5.2.5 Feynman rule

Based on the BRST formalism discussed above, let us consider the Feynman rule to deal with
the petrurbative computation of the amplitudes. In addition to the Lagrangian (5.1.13), we also

take into account the Dirac field coupled with the gauge field,
Loirac = Y[y (10 + gAu) — myp = Y[in" Dy —my, (5.2.28)

where D,, = 0, —igA, is the covariant derivative acting on a field in the fundamental represen-
tation of G.

Exercise 5.6.
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1. Verify that the quadratic (free) part of the Lagrangian is given by
1 1 -
L = §Aa“ [gu,,ﬁp(?” — (1 - £> OH&,] A" +p(iv"0, — m)y + 10" 0, c” (5.2.29)

where the gauge fixing parameter £ is interpreted as the renormalized one.

2. From the YM Lagrangian (2.6.42), derive the self-interaction terms of the gauge fields,
g
Ls-gauge = =5 il (0, AL — 0, A%) AP A™ (5.2.30a)

2
Ligonge = = ol Fal A AL AT A (5.2.300)

3. Derive the gauge-Dirac and gauge-ghost interaction terms,

ggauge—Dimc = g@i’y,u,Aau(ta)ijwj y (5231&)
ggauge—ghost = _igfabcéaa'uAZCC = igfabc(aﬂéa)AZCC . (5231b)

From these expressions, we obtain the following Feynman rules for the propagators,

igab Pud
G tor: VYV = g — (1= )Y 5.2.32
auge propagator AY Ab 2t G — (1= &) 7 ( a)
i(p +m)
Di tor: 7 = —— 5.2.32b
irac propagator b D ¥ 2 m?tic ( )
,,,,, —— igab
Ghost propagator: & P o = m (5.2.32¢)

and for the vertices,

Yi :
Dirac-gauge vertex: ' >W A¢ = ig7,(t"),’ (5.2.33a)

V;
c° .
Ghost-gauge vertex: YA Al = ig9fpcppu (5.2.33b)
b 2
ADp
3-gauge: A;;, q = —9favelg(k —p)p+ 9up(p — Oy + gpula — k)] (5.2.33¢)
ALk
Ab A
4-gauge: }{ = _igfabefcde (gupgua - guagyp)
AZ Ad - igfacefbde(g;wgpcr - g,uogpz/)
7 — g fade foce (gul/gcrp - g,upgcn/) (5.2.33d)
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Chapter 6
Spontaneous symmetry breaking

Let E(p) be the spectrum of the system with momentum p. The system with E(p = 0) = 0 is
called gapless, while it is called gapped if E(p = 0) # 0. For example, the spectrum of the free
scalar field is given by F(p) = \/m , so that it is gapped unless m = 0. In fact, (almost) all
the gapless systems are associated with the spontaneous symmetry breaking (SSB), which

is one of the most important concepts in QFT.

6.1 Nambu—Goldstone’s theorem

Suppose that @ is the conserved (Noether) charge associated with the continuous symmetry
introduced in Sec. 2.3.2. We denote the vacuum/ground state by |0). Then, there are two

possibilities,

() Q)=0, () Q0)#0. (6.1.1)

Since () is the generator of the symmetry transformation, |0) is invariant under it in the case (i),
while it is not invariant in the case (ii). The case (ii) actually shows the SSB: the vacuum state

violates the symmetry of the Lagrangian.

Recalling the definition of the conserved charge (2.3.8), defined as the spatial integral, its
norm (0] QQ |0) shall be proportional to the spatial volume V, if it exists. Since it diverges
in the thermodynamic limit V' — oo, the case (ii) would be ill-defined (its normalization is

indeterminate). Hence, we instead consider the local version of the case (ii) as follows,

(i) (50} = (0] S() [0) = (0] [iQ, ()] |0) # 0. (6.1.2)

The vacuum expectation value (vev) of the local field operator d¢ denoted by (d¢p) is called the

order parameter.

Suppose that the field operator transforms in the representation R of the symmetry group G,
dp; = i(t%)ijp5, where (t*)q=1,... dim¢ is a set of the generators of G, and denote the associated
conserved charge by Q%. Consider the potential for ¢(z) denoted by V(¢)," which is invariant

under the infinitesimal transformation,

. IV (p)

0=V(p+edp) —V(p) =ie B, (t*) jrpn + O(€?). (6.1.3)

IThis potential should be understood as the effective action discussed in Sec. 3.6.
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Taking the derivative with ; again, we have

*V (p)
0pi0p;

a V()
(t )jk‘Pk + Dy

(t") 30 = 0. (6.1.4)

J

We denote the vev of the field by @ = (), which obeys 0V/d¢|,—z = 0. Then, we obtain
Mi'(ta)jk@k =0 <= Mij <(5§0]> =0, (615)
where we define the mass matrix,

PV (p)
dpidp;|
=0

ij (6.1.6)

Namely, the order parameter turns out to be the zero mode (eigenvector of the zero eigenvalue)

associated with the mass matrix if it is nonzero. Let H be a subgroup of G, s.t.,

(5e) = (it {70 (LG (6.1.7)
=0 (t*€LieH)

This shows that the symmetry is broken from G to H, and the field transforming under the
quotient G/H behaves as the zero mode, called the Nambu—Goldstone (NG) mode. We
denote the number of broken symmetries by Ngg = dimG/H = dim G — dim H. Then, the
Nambu—Goldstone’s theorem claims that it agrees with the number of the NG modes in the

relativistic (Lorentz symmetric) system,
Nxg = Nps . (6.1.8)
If there is no Lorentz symmetry, this equality does not hold in general, Nyg < Nps. See, for

example, [Wat19] for details in this case.

Complex scalar field

We consider the complex scalar field discussed in Sec 2.4.2 as a primary example which shows
the SSB of the global symmetry. The Lagrangian is given in (2.4.5). Due to the U(1) symmetry
(2.4.6), the potential only depends on the absolute value of the field,

by
V(lel) = m?lo|* + Slgl. (6.1.9)

We assume A\ > 0 for the finiteness of the action. Then, there are two possibilities depending on

the mass parameter:

V(l¢l) V(o)

(6.1.10)

~ |9l 9]

(a) m* >0 (b) m? <0
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The vacuum is given by the stationary point of the potential, OV (|¢|)/0¢ = 0. In the case (a),
¢ = 0 is the unique solution. On the other hand, in the case (b),? there are two stationary points,
|¢| =0 and \/TQ//\ =:v/+/2. As seen in the potential, the former one seems unstable against
the fluctuation. In fact, the negative squared mass (imaginary mass) indicates instability of the
vacuum, which is called the tachyon. Any points on the circle |¢| = \/TQ/)\ are equivalent,
but once specifying the phase of the field, the U(1) symmetry is spontaneously broken in the

vacuum.

We take ¢ = v/1/2 as a vacuum configuration, and we expand the field around this vacuum,

() = \;ﬁ(v +y(x) + 6. (2)) . (6.1.11)

The real fields, ¢)(z) and ¢, (z), describe the fluctuations along the parallel (real) and perpen-

dicular (imaginary) directions as follows:

V(9)

A

(6.1.12)

oL

Exercise 6.1. Plugging in the expansion (6.1.11), derive the Lagrangian for the fields (¢||(z), ¢ (7)),
1 1 1
L), 0L) = §(au¢>||)2 - §m2¢ﬁ + 5(%%)2
A 2
—mV gy (qbﬁ + qﬁ) -3 (¢ﬁ - gbi) ~V(v/V2), (6.1.13)

where m2 = —2m?2 > 0.

This shows that ¢ has the positive squared mass, while ¢, is a massless field, which is
identified with the NG mode associated with the SSB of the global U(1) symmetry.

6.2 Higgs mechanism

So far, we have discussed the spontaneous breaking of global symmetry. One can similarly
consider it in the system with the local gauge symmetry.® In that case, the NG mode can be
coupled with the gauge field and giving a mass. Such a mechanism to generate the massive

gauge field is called the Higgs mechanism.

2The complex scalar field model with m? < 0 is called the Goldstone model, which shows the spontaneous
breaking of the global U(1) symmetry as shown below.

3This is not the spontaneous breaking of local gauge symmetry. It is known as Elitzur’s theorem that local
gauge symmetries cannot be spontaneously broken.

60



6.2.1 Abelian Higgs model
We consider the complex scalar theory coupled with U(1) gauge field,
1 17
L6, Ap) = =7 Fu P + |Duo()” = V(|9)) (6:2.1)

where the potential V'(|¢|) is given by (6.1.9). See Sec. 2.6 for the definition of the covariant
derivative and the Maxwell term. This model is called the Abelian Higgs model and also the
scalar QED.

We now consider the case (b) of the potential V (|¢|) with u? = —m? > 0. Then, we have the
same vev of the scalar field as before, ¢ = v/v/2 = \/u2/\. We again expand the field around

this configuration, but with a slightly different parametrization,

b(x) = \}é(v o(z))e @) (6.2.2)

Roughly speaking, they correspond to the previous parametrization as (o,7) ~ (¢, ¢ ). Then,
applying the gauge transformation (2.6.1), ¢(z) — €™ @¢(z) = (v + o(z))/V/2, the field 7(x)

does not appear in the Lagrangian any longer. This gauge choice is called the unitary gauge.

Exercise 6.2. Plug in the expression of the scalar field, ¢(x) = (v + o(x))/\/2, obtain the
Lagrangian in terms of the new scalar field o(x) and the gauge field A,

L(0,A) = Ly Ay) + 25(0) + Lt Au) — V(o)) (6.2.30)
1 s (ev)? 4
ggauge(Ap) == _EFMVF + TAMA 5 (623b)
_ 1 o 1.5 5 vz Ay
Zy(0) = 2(8u0(:c)) 5o 59 ~ g% (6.2.3c)
Lm0, Ay) = €2 (va + 502) : (6.2.3d)
where m? = —2m? = 2% > 0 as before.

In this expression, we find the mass term for the gauge field, A, A", which breaks the gauge
symmetry. In addition, in contrast to the Goldstone model, there is no gapless NG mode, but
only a massive scalar field o(x). In fact, originally the scalar field 7(x) is supposed to play a role
of the NG mode, which is then absorbed by the gauge field via the U(1) transformation (2.6.4),
A, — Ay +etom(x).

The vector field has spin 1, which involves three states labeled by the angular momentum in
the going direction, (+1,0, —1), called the helicity. The massless vector field, e.g., the photon,
is fully polarized (transverse modes only), so that its helicity must be +1. Now, the scalar field
m(x) is absorbed by the gauge field as a longitudinal mode (zero helicity) to give a mass for
it. This mechanism to generate a mass for the gauge field is called the Higgs mechanism. In

general, the mass for the gauge field is proportional to the vev of the scalar field.

6.2.2 Higgs—Kibble model

Let us consider the system with non-Abelian gauge symmetry and the corresponding spontaneous

breaking with G = SU(2). Then, the generators are given by the Pauli matrices, (t*)q=123 =
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(0%/2)a=12.3, and the structure constant is given by the anti-symmetric tensor, ¢ = ¢2¢. We

use the vector notation for the SU(2) structure

3 3
- N _, 12
p= A =S A (X xy)“:eabcxbyc, ‘X‘ =3y xexe. (6.2.4)
a=1 a=1

In this convention, the field strength is written as
Fu=0,A, — 9,4, +gA, x A, (6.2.5)
with the coupling constant g. The Higgs field forms an SU(2) doublet (2-representation),

= (¢ )", (6.2.6)

and its covariant derivative is given by
Du® = (8, g4, 7)o (6.2.7)
Then, we define the SU(2) Higgs—Kibble model,
1 [y T(pH 2pt A te)>
L = =1 Fu - P + (D) (D"2) + p?0T - 5(@ cb) . (6.2.8)

The vacuum structure of this model is quite similar to the Abelian case (6.2.1): The vacuum
configuration is given by ® = (0 v/v/2)T with v = \/2u2/\.

Exercise 6.3. Expanding the Higgs field around the vacuum,

1 oA (0 1 [ é%(x) +igl (x)
\ﬁ@ﬂb“(x) +1¢L-t) <1> =7 <v —|—J_qb||(:z:) —;531(30)) , (6.2.9)

and plugging in this expression to the Lagmngian, show that it is written as

O(x) =

1= s, Lol ~15 3.7 20
gz_ZFW.F +§M ’AH—M 3;&%’ + Mbll) 2m P

+ gffu : (@3%\\ $10" b1 + b1 x 8“@)

M\b
h>

1 %EN ' J‘T‘L(ﬁﬁﬁ + ‘(Z_ﬁ‘z)

. A
_ %m\@pﬂ <¢2 + \mf) -3 (¢2 + \m ) V(v/V2) (6.2.10)
where M = gv/2 and m? = 2u* > 0.

Precisely speaking, since this is non-Abelian gauge theory, we should take care of the gauge
fixing with the FP ghosts. Up to this point, the kinetic term of the perpendicular mode is
removed by the gauge transformation (unitary gauge), and the gauge field becomes massive

similarly to the Abelian model.

6.2.3 Weinberg—Salam model

It has been established that the weak interaction is described by SU(2)w gauge theory. It has
been known that only the left-handed leptons transform under SU(2)w, and thus the right-
handed component is a singlet under it. We denote the electron and the corresponding neutrino

(electron neutrino) by e and v,. Then, the left- and right-handed fields are given by (See (2.5.9))

1- 1
L.:— (”) _ 275 (”) . Re:—ep= 2756. (6.2.11)
e L e
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We have two more similar pairs for the muon (u,v,) and the tau particle (7,v;), known as the
three generation structure. Denote the generators of SU(2)w by (1%)q=1,2,3- Since the left-
handed lepton transforms as a doublet, the corresponding “spin” called the weak isospin is given

by % ve and e correspond to T3 = :I:%.

The neutrinos are, as their names indicate, charge neutral particles described as left-handed
Weyl spinors. On the other hand, the electron has charge —1 (same for p and 7). Since the
doublet does not have the same electric charge, SU(2)w should be mixed up with electromagnetic
U(1)gm. In order to describe this situation, we introduce the additional U(1)y symmetry, and
call the corresponding charge the weak hypercharge Y. Then, the electric charge is given by the

following combination,

Q=T3+Y. (6.2.12)
Assigning YV = —% and —1 for L, and R, this explains the electric charges of v, and e are 0
and —1. Since the photon (electromagnetic gauge field) is the unique massless gauge field, the

remaining symmetries must be spontaneously broken,
SU(2)w x U(l)y — U(1l)gm.- (6.2.13)

This is known as the unification of the electromagnetism and the weak interaction.

We consider the Weinberg—Salam model, which shows the symmetry beaking of the form
of (6.2.13). We denote the U(1)y, SU(2)w, and U(1)gm gauge fields by B, /T,u and A,. Their

gauge couplings are ¢’ and g. Then, the Lagrangian is given as follows,

Z = ggaUge + ZHiggs + ﬁepton ) (6.2.14a)

Lgange = =7 |OuAv — Ay + g4y x Ay — (0 By — 8y Bp)”, (6.2.14b)
A 2

Litiges = (D @) (D') + pP@T0 — T (<I>T<I>> : (6.2.14c)

Hopton = Leir" DL + Reiy"DyRe = fo[ (L) Re + R (1L, )| (6.2.14d)

where f. is the Yukawa coupling constant, and the covariant derivative is given by

0, —igYB, —igA, -t (L., ®
D, = e (Le, @) (6.2.15)
9, —ig'Y B, (R.)

Since the Higgs sector is the same as the Kibble-Higgs model (6.2.8), we have the same vev
for the Higgs field, ® = (O v/\/i)T. We assign Y = +% to the Higgs field so that the lower

component has @) = 0, which is required to preserve the U(1)gy symmetry.
Exercise 6.4.

1. Show that the mass term for the gauge field is obtained from the covariant derivative of
the Higgs field,

i (dBu+ gAi gAL - igAi 0
2 gA}L + igAZ 9B, — gAz v/\V2
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1
= My Wjw* + ngZuZ“ (6.2.16)




where we define

1
W, = E(A; —iA%), (6.2.17a)
— 1 3 !
— 1 3 !
AN = W(QAN + g Bu) 5 (6217C)
and the mass parameters are
1 1
M3, = 1921}2, M2 = 1(92 +¢*)0?. (6.2.18)

Verify that there is no mass term for the gauge field A,. The electric charges of W, wt,
Z, A are given by Q = +1,—1,0,0. The charged and neutral vector fields are called the W

boson and Z boson.

2. Define Ow, called the Weinberg angle, s.t.,

Zy\  [cosw —sinfwy Az (6.2.19)
A, B sinfy cosOwy B, ' -

Namely, tanfyw = ¢'/g. Then, show that

2
2 _ MW

"~ cosfy

(6.2.20)

3. Show that the mass term for the lepton is obtained from the Yukawa interaction with

non-zero vev of the Higgs field,

—fe [(Zecb)Re + R, (@TLE)] - —fe% ge =: m, Ze. (6.2.21)
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1PI (one-particle irreducible) diagram, 41

Abelian Higgs model, 61
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beta function, 50

beta integral, 44
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—charge, 54
—cohomology, 55
—complex, 55
—current, 54
—operator, 53
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—transformation, 53

charge conjugation, 21

chiral symmetry, 19
conformal field theory, 15, 50
conformal group, 14
connected part, 31
connection, 24

Coulomb gauge, 51

counter term, 47

covariant derivative, 22
cumulant, see connected part

curvature, 24

Ricci—, 29
Riemann—, 29
cutoff, 44

differential form, 24
dimensional regularization, 44
Dirac equation, 20

Dirac operator, 35

effective action, 40

Elitzur’s theorem, 60

energy-momentum tensor, 12
Euler’s constant, 47

Fuler-Lagrange equation, 11

Faddeev—Popov (FP)
—determinant, 52
—¢ghost, 52
—ghost charge, 55

Feynman gauge, 52

Feynman parametrization, 46

Feynman rule, 38

field strength, 23

fixed point, 50

gamma function, 44, 47
gapless, 58
gapped, 58
gauge fixing, 51
Gaussian integral, 31

—for Grassmann numbers, 35
generalized global symmetry, 14
generating functional, 30
ghost number, 55
global transformation, 22
Goldstone model, 60
Grassmann number, 21

Green’s function, 33

Hafnian, 33

Heisenberg picture, 36
helicity, 61

Higgs mechanism, 60, 61
Higgs—Kibble model, 62

hypergeometric function, 45

infrared (IR), 50
interaction picture, 36

irrelevant operator, 3

Klein—-Gordon equation, 16
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Landau gauge, 52
local transformation, 22
Lorentz gauge, 51

generalized—, 52

Majorana spinor, 21
Mandelstam variable, 46
marginal operator, 3
Maurer—Cartan form, 16, 26

Maxwell Lagrangian, 23

Nakanishi—Lautrup field, 52
Nambu—Goldstone (NG) mode, 59
Nambu—Goldstone’s theorem, 59
Nambu—Jona-Lasinio model, 20
nilpotent, 53
Noether

—charge, 12

—current, 11

Noether’s theorem, 11
order parameter, 58

partition function, 30
Pfaffian, 35

Poincaré group, 12

R¢ gauge, 52

relevant operator, 3

renormalization, 4, 47
—condition, 48, 49

—scale, 49

renormalization group equation, 49

scalar QED, see Abelian Higgs model

Schwinger parametrization, 46
self-energy, 41

selfdual tensor, 10, 25

spin, 8

spin connection, 28

spin group, 7, 15

spin-statistics theorem, 8

spontaneous symmetry breaking (SSB), 20, 58

supersymmetry, 53

time-ordering product, 30

torsion, 29

ultraviolet (UV), 50

unitarian trick, 9

vacuum expectation value (vev), 58
vielbein, 28

Virasoro algebra, 15

W boson, 64

weak hypercharge, 63
weak interaction, 62

weak isospin, 63

Weinberg angle, 64
Weinberg—Salam model, 63
Weyl equation, 20

Wick rotation, 43

Wick’s theorem, 34

—for spinors, 36

Yang—Mills (YM) Lagrangian, 26
Yukawa interaction, 20, 39, 63

Z boson, 64

zeta function regularization, 33
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